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equations to estimate the optimal design based in the concept of | Received Mar 18, 2021
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footings under axial load and biaxial moments in each column that
considers the linear pressure of the soil acting on the footing
contact surface. This work is presented in two stages: in the first
stage the minimum contact surface on the footing is obtained, and
in the second stage the minimum cost for design is obtained. The
formulation was developed under the condition that the derivative
of the moment is the shear force. Four examples are shown to
obtain the minimum cost for the complete design. The solution is
obtained with the help of Maple-15 software that solves these
types of problems. The results show that there is no direct
relationship between the optimal area and the minimum cost
design.

Keywords: optimization, corner combined footing.

1 Introduction

Foundations or footings are the main elements for the construction of buildings and bridges, which serve to transmit the loads of
the superstructure to the supporting ground.

Foundations can be classified as:
1. Shallow foundations (strip footing, isolated footing, combined footing, strap or cantilever footing, raft or slab
foundations) lightweight structures and/or high load capacity of the soil.
2. Deep foundations (foundation piles, foundation pits or caissons) heavy constructions and/or shallow soils with low load
capacity.

Structural engineers usually use trial and error approaches to address with design problems when they need to obtain the most
economical design of a structural element in terms of its material cost, meeting all the safety requirements imposed by the
design codes.

The optimal design of structures has been the subject of many studies in the field of structural design. The goal of a designer is
to develop a “best solution” for structural design under certain considerations. An optimal solution usually involves the most
economical structure without impairing the functional purposes of the structure.

The main contributions of various researchers on the subject of optimization and mathematical models for the design for
reinforced concrete foundations are: Algin formulated a practical algebraically solution to obtain the minimum area of a
rectangular isolated footing subjected to a vertical load and moments in both axes (biaxial bending) [1]. Wang proposed a design
approach that integrates economic design optimization with reliability-based methodologies to assess the ultimate and
serviceability limit state requirements to rationally account for geotechnical-related uncertainties [2]. Smith-Pardo developed
some design aids by graphics to obtain the restriction effect in the bases of columns and walls supported on shallow foundations
[3]. Basudhar et al. investigated the optimal cost analysis and design for a circular footing subjected to generalized loads
employing the sequential unconstrained minimization technique in conjunction with Powell’s conjugate direction method for
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multidimensional search and quadratic interpolation method for a dimensional minimization [4]. Al-Ansari proposed an
analytical model to obtain the cost of an optimal design of reinforced concrete isolated footings with yield strength of
reinforcing steel bars and compression strength of concrete based in shear and flexural capacity of the footing [5]. Imanzadeh et
al. studied two approaches for the design of continuous spread footings, the first design using a one-dimensional finite element
model and the second design using a three-dimensional finite element model [6]. Ukritchon and Keawsawasvong presented a
practical model for the optimal design of a continuous footing under to vertical and horizontal loads, to obtain the minimum
footing size and the minimum reinforcement steel, and it is formulated in a non-linear minimization form [7]. L6pez-Chavarria
et al. studied the optimal dimensioning for the corner combined footings to obtain the most economical contact surface with the
ground (optimal area), which supports an axial load, and two orthogonal moments around of the X and Y axes by each column
[8]. Luévanos-Rojas et al. developed an optimal design for rectangular isolated footings using the linear soil pressure, also
numerical examples are presented to estimate the minimum cost design of the materials used for the building of the footings
supporting an axial load, a moment around of the X axis, and other moment around of the Y axis in accordance to the building
code (ACI 318-13) [9]. Yeh and Huang studied the optimization of reinforced concrete isolated footings using genetic
algorithms, and also investigated the effects of the yield strength of steel, the compressive strength of concrete, the eccentricity
of the axial load and the steel bar size [10]. Veldzquez-Santillan et al. investigated the optimal design model for reinforced
concrete rectangular combined footings to obtain the minimum cost design in accordance with the building code (ACI 318-14)
[11]. Rawat and Mital described a simplified approach for the design of reinforced concrete isolated footings with eccentric load
that explicitly considers the structural requirements and economics simultaneously, and therefore, results give a foundation with
minimum cost [12]. Luévanos-Rojas et al. proposed an optimal model to obtain the minimum dimensions (part 1) and a
mathematical model to obtain the thickness and the reinforcing steel (part 2) for the T-shaped combined footings [13, 14]. Islam
and Rokonuzzaman introduced an optimal design process (construction cost) for shallow isolated column footing in sands using
genetic algorithms that include the design parameters and design requirements as constraints [15]. Nigdeli et al. developed a
methodology based in metaheuristic to obtain the optimal cost of reinforced concrete footings using several classical algorithms
that are powerful to deal with non-linear optimization problems [16]. Aguilera-Mancilla et al. and Yafez-Palafox et al.
developed an optimal model to obtain the minimum dimensions (part 1) and a mathematical model to obtain the thickness and
the reinforcing steel (part 2) for the strap combined footings, respectively [17, 18]. Lépez-Chavarria et al. investigated the
optimal design for reinforced concrete circular isolated footings based on a criterion of minimum cost in accordance with the
building code (ACI 318-14) [19]. Farias-Montemayor et al. investigated an optimized model to obtain the minimum dimensions
(part 1) and an optimal model to obtain the thickness and the reinforcing steel based on a criterion of minimum cost (part 2) for
the rectangular pile caps supported on a group of piles [20, 21]. Luévanos-Rojas et al. obtained a mathematical model to obtain
the thickness and the reinforcing steel for the design of corner combined footings [22]. Solorzano and Plevris presented the
design of reinforced concrete rectangular-shaped isolated footings using the genetic algorithm in accordance with the American
Concrete Institute ACI 318-19 [23]. Pane et al. used an approximate numerical model to evaluate the actions in the foundation
ground and in the tie-beams in terms of foundation size and cost, considering the capacity of tie-beams to absorb part of the
bending moments, which are generally attributed only to the foundations [24]. Galvis and Smith-Pardo presented design aids,
experimental verification, and examples for rectangular and circular shallow foundations subjected to axial load and biaxial
moment [25].

According to the researched literature, the documents closest to the topic being addressed are: 1) Optimal dimensioning for
combined corner footings [8], but equations are presented in a very specific way, without showing the different shapes or
limitations that the footing may have; 2) An analytical model for the design of corner combined footings [22], but they present
only the equations for the design, without showing the optimal design or minimum cost of the footing.

This paper shows two optimal models for the design of reinforced concrete corner combined footings, the first model presents
the simplified and generalized equations to obtain the minimum area of contact on the ground and the different shapes or
limitations that the footing may have, the second model shows the simplified and generalized equations to estimate the optimal
design or minimum cost with the design parameters and the constraint functions in accordance with the building code
requirements for structural concrete of the American Concrete Institute. Also, four practical examples for design are presented:
first - unconstrained sides, second - constraint in the X direction, third - constraint in the Y direction, fourth - constraints in the
X and Y directions. The solution is obtained with the help of any software that solves these types of problems.

2 Formulation of the optimal model

Fig. 1 shows a corner combined footing that supports three rectangular columns of different dimensions (a corner column and
two inner columns with an boundary) under an axial load and two orthogonal moments (bidirectional bending) in each column.
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Fig. 1. Corner combined footing.

Table 1 shows the coordinates of the pressures below footing at each vertex.

Table 1. Coordinates of the pressures below of the corner combined footing.
Pressures qs | 02 gs ga gs Je

X1 | X2 X3 Xa X5 X6

Xt | Xe—a | Xe—b2 | Xe—a | X Xt — b2
Y1 Yo ys Ya Ys Yo

Yi | Wt Yi—Db1 | Vi—bi | yi—b | yi—b

Coordinates

2.1. Model of the minimum contact surface on the ground for the corner combined footings

The objective function to obtain the contact minimum surface on the soil “Amin” is [8]:
Amin = (a - bz)bl + bbz (1)

The constraint functions are:
— E Mx’Tyn My?'xn

+
T = I, I )
R=P +P,+P 3
Req
M.+ = Ry, +Mx1+sz+Mx2*T*P3L2 4)
Rcy
M, = Rx, + My, + My, + M5 — - P L, (5)
(a —by)b,* + b*b,
Ve = (6)
2[(a — b,)b; + bb,)
_ (2b —by)(a— by)by +b*b, o
V> = T 2[(a - by)b, + bb,]
ab, + (b — by)b,”
Xe = 8)
2[(a — b,)b, + bb,]
a?b, +(2a — by)(b— b))b,
Xb = (9)

2[(a — b,)b, + bb,]
_a’b* + 2abyb, (b — by)(2b* —bby + b, ?) + b, *(b — b)* (10)
L= 12[(a — b,)b, + bb,]
; b?b,* + 2bb, b,(a — b,)(2a® — ab, + b,?) + b,*(a — b,)*

Y 12[(a — b,)b, + bb,]

11)
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0= 4o (= aa (12)

Qe
Ve typ=Db (13)
X +x,=a (14
where: R = Resultant force (KN); Myr = Resultant moment around the X axis (kN-m); Myt = Resultant moment around the Y axis
(kN-m); x, = Distance in the X direction measured from the Y axis to the fiber under study (m); y» = Distance in the Y direction
measured from the X axis to the fiber under study (m); Ix = Moment of inertia around the X axis (m*); I, = Moment of inertia
around the Y axis (m?), g.a = Available permissible load capacity of the soil (kN/m?).

The constraint functions for the geometric conditions are:
The equations for the unconstrained sides are:

C C
2t +2<a
2 2

15)
C C (
2, +—<b
2 2
The equations for a constraint in the X direction are:
C C
%+h+§:a
€3 Cy (16)
—+L,+—<b
2 2
The equations for a constraint in the Y direction are:
C C
El v L+ 52 <a
Cs Ca a7
—+L,+—=0b
2 2
The equations for two constraints in the X and Y directions are:
C C
§+h+§:a
3 Cq (18)
—+L,+—=0b
2 2

2.2. Model of minimum cost for design of corner combined footings
2.2.1. Equations for the bending shear and bending moments

The critical sections for factored moments according to the ACI code are presented on the axes: a, b, ¢, d, e, f, g, h, i and j (see
Fig. 2).
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Fig. 2. Moments

The critical sections for factored bending shear according to the ACI code are presented on the axes: k, I, m, n, 0, p, g and r (see
Fig. 3).
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Fig. 3. Bending shear

The factored bending shear and the factored moment acting on the footing in the X; axis for the interval — 51/2 <y, <b1/2 — c3/2
[22]:

Puz[lz(bl - ‘73)3’22 + b12(43’2 —-b + 363)] _ 3Mux2(4y22 - blz)

= 19
e 4b,® 2b,° (19)
 Pey, [4(51 — )y, " + 2b123’2 - blz(bl - 363)] Myx2Y> (43’22 - 3b12)
Muxz - 3 - 3
4b, 2b, (20)
N Py (by — 2¢5) + 4My0

8
where: the analysis width on the X axis is: w2 = ¢, + d/2 for limit column in the X direction, and w, = ¢, + d for the column
without limit.

Now, substituting y. = b1/2 — ¢; — d into Eq. (19) the bending shear V.« that acts on the k axis is obtained, and substituting y. =
b1/2 — c3 into Eq. (20) the moment My, that acts on the a axis is obtained.

The factored bending shear and factored moment acting on the footing in the X axis for the interval y; — c3/2 <y <y [22]:
B Rya(y: —y) B Mma(ytz - 3’2) B MuyTa(th —a)(y.—y)

Yy = 4 21 21 (21)
X v
. - RuaQe=9)* | Mura(2y® —3y.°y +5°) 22)
we 24 61,

where: the analysis width on the X axis is a for this interval.

The factored bending shear and factored moment acting on the footing in the X axis for the interval y; — b1 <y <y —¢3/2 [22]:
Rya(y: —y) B Mma(ytz - yz) B MuyTa(zxt —a)(ye —y)

Yy = Ra + Fe == 21, 21

(23)

¥
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C3

Rua(y: —y)*  Myra(2y.® — 3y %y +y*)
— + _(Pul+Pu2)(yt_y_?)_Muxl_Mux2 (24)

24 61,
where: the analysis width on the X axis is a for this interval.

M'U.X

Now, substituting y = y; — ¢z — d into Eqg. (23) (if the | axis falls within of this interval) the bending shear V., is obtained, and
substituting y = y; — b, into Eq. (24) the moment My, that acts on the b axis is obtained.

The factored bending shear and factored moment acting on the footing in the X axis for the interval yi— Lo —¢32 <y <y — by
[22]:
_ Rylab, + b, (y: —y — by)] B Myr{ab, 2y, — by) + by [y — b)? — ¥*1}

V. =
w A 21, (25)
MuyT[abl(zxt —a)+ b, (2x, — b)) (¥ —y — by)]
- +Pu1 +Pu2
21,
. Rulabi@ye =2y = b)) + by =y~ 5)*] | Musraby[2(3%:° — 3yeby + b,°) — 3y(2y — b))
e 24 61,
M.+by [vE + (v — b))% (2y, — 3y — 2b)] c (26)
+ T2 ‘ 6; : - _(Pul"_PuZ)(yt_y_Eg)_Muxl
X

o Muxz
where: the analysis width on the X axis is b for this interval.

Now, substituting y = y: — ¢c3 — d into Eq. (25) (if the | axis falls within of this interval) the bending shear V,; is obtained, and
substituting y = y: — €3/2 — Ly + ¢4/2 + d into Eq. (25) the bending shear Vun that acts on the m axis is obtained. Now, substituting
y = yi— by into Eq. (26) the moment My, that acts on the b axis is obtained, Eq. (25) is set equal to zero to obtain the position of
the maximum moment yy, and later it is substituted into Eq. (26) and the maximum moment M, is obtained, and substituting y =
Vi — C3/2 — L, + ca/2 into Eq. (26) the moment Myq that acts on the d axis is obtained.

The factored bending shear and factored moment acting on the footing in the X axis for the interval yi— 5 <y <y — L, — ¢3/2
[22]:
Rylab, + b,(y: —y — by)] . MuyT[abl (2x —a) + by (2x, — b)) (3 —y — by)]

V =
" A 21, @7
M, {ab,(2y, — b)) + b —b)? —y?
_ wer{aby (2y; 1)21 o [ ) vl P, 4P, P
_ Rulab 2y, =2y = b) + by =y = b)*] | Musraby[2(3y.° = 3ycby +b,°) = 3y(2y, — b))
e 24 61,
M.rb [vE+ (v — b)) 2y, — 3y — 2b))] c (28)
S : 61’ - : _Ru(yt_y_?g)"_PuRLZ_MML_MMZ
X

o Mux3
where: the analysis width on the X axis is b for this interval.

Now, substituting y = yi — ¢c3/2 — L, — c4/2 — d into Eq. (27) the bending shear V., that acts on the n axis is obtained. Now,
substituting y = yi — €a/2 — L, — ¢4/2 into Eq. (28) the moment M. that acts on the e axis is obtained.

The factored bending shear and factored moment acting on the footing in the Y3 axis for the interval — by/2 < x3 < b2/2 — ¢1/2
[22]:
Pya [12(b2 —)x;% + b, (4x; — b, + 361)] 3Muy3(4x32 - bzz)

V. =— 29
e 4b,* 2b,° (29)
" - _Pugxg [4(b, — c)x3% + 2b, x5 — by (b, — 3¢,)] B iiafwg;rcg(ébcg2 —3b,%)

Wa 4b23 szg (30)

+ Pu3 (bz - 261) + 4Muy3

8
where: the analysis width on the Y3 axis is: ws = ¢4 + d/2 for limit column in the Y direction, and ws = ¢4 + d for the column
without limit.
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Now, substituting xs = b,/2 — ¢1 — d into Eq. (29) the bending shear Vy, that acts on the o axis is obtained, and substituting xs =
b,/2 — ¢y into Eq. (30) the moment My that acts on the f axis is obtained.

The factored bending shear and factored moment acting on the footing in the Y axis for the interval x; — /2 <x <x [22]:
_ Ryb(x, —x) . Moy b2y — b)(xp — x) B MuyTb(xtz —x?)

Ve = 31
e A 21, 21, (31)
R, b(x; — x)% M,,+b(2x.2 — 3x.2x + x°
- _Tu ( t ) + uyT ( t t ) (32)
2A 61

v
where: the analysis width on the Y axis is b for this interval.

The factored bending shear and factored moment acting on the footing in the Y axis for the interval x; — b2 <x <x;— ¢1/2 [22]:
Ryb(x; —x) _ M, r b2y, — b) (% — x) _ Muy'?’b(xtz —x?)

V.= P4 +Pya — 33

ux ul u3 A 211 21V ( )
R, b(x, — x)? My, b(2x.2 — 3x.%x + x%) o

uy — A 24 + e 6l _(Pul+Pu3)(xr_x_5)_Muyl_Muy3 (34)

v
where: the analysis width on the Y axis is b for this interval.

Now, substituting x = x; — ¢1 — d into Eq. (33) (if the p axis falls within of this interval) the bending shear V., is obtained, and
substituting x = x; — b into Eq. (34) the moment Mg that acts on the g axis is obtained.

The factored bending shear and factored moment acting on the footing in the Y axis for the interval x; — L1 — ¢1/2 <x <x¢— b2
[22]:
B Ry[bby + by (x; —x — by)] B M,r[bby(2y, — D) + by (2y, — by)(x; — x — b;)]

Vix =

A 21, 35
My (bb, (2%, — by) + by [(x; — b,)? = x*]) (35)
- +Pu1 +Pu3
21
v
y = Rulbby (2xe = 2x = by) + by (k¢ =X = b,)°] | Muyrbb, [2(3x.2 — 3x,b, + b,*) — 3x(2x, — b,)]
e 24 61,
M,.b, [x3® + (x, — b,)?(2x, — 3x — 2b,)] c (36)
+ o 1 ’ 6?}, : 2 _(Pul"_Pug)(xr_x_El)_ uyl
- Muyz

where: the analysis width on the Y axis is b for this interval.

Now, substituting x = x; — ¢1 — d into Eq. (35) (if the p axis falls within of this interval) the bending shear V,, is obtained, and
substituting x = x; — €1/2 — L1 + ¢»/2 + d into Eq. (35) the bending shear V4 that acts on the g axis is obtained. Now, substituting
X = ¥ — by into Eq. (36) the moment Myq that acts on the g axis is obtained, Eq. (35) is set equal to zero to obtain the position of
the maximum moment xn, and later it is substituted into Eq. (36) and the maximum moment My is obtained, and substituting x =
Xt— C1/2 — Ly + C2/2 into Eq. (36) the moment M,; that acts on the i axis is obtained.

The factored bending shear and factored moment acting on the footing in the Y axis for the interval xi —a <x <xt— L1 — ¢1/2
[22]:
 Ry[bby + by (xp —x —by)]  Myur[bby(2y, —b) + by (2y, — by)(x, —x — by)]

V.=
wr A 21, @37
Muyr{bbz(zxt_bz)"‘bl [(xt_bz)z _xz]}+P “P. 4P
- 1 2 3
21}, u u .
o Bulbby(2x = 2x — by) + by (xe — x = b,)?] | Muyrbby [2(3x:2 — 3x:b, + b,%) — 3x(2x; — b,)]
e 24 6I,
M, ey [x® + (xp — by)%(2x, — 3x — 2b,)] o (38)
+ = — Ry (x.—x- ?) + Pyl — My, — My,
¥

- Muyz
where: the analysis width on the Y axis is b for this interval.
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Now, substituting x = x — ¢1/2 — L1 — ¢2/2 — d into Eq. (37) the bending shear Vy that acts on the r axis is obtained. Now,
substituting x = x;— €1/2 — L1 — ¢2/2 into Eq. (38) the moment M,; that acts on the j axis is obtained.

2.2.2. Equations for the punching shear

The critical sections for the factored punching shear according to the ACI code are presented on the perimeter formed by points
1,7,8and 9 in column 1, by points 10, 11, 12 and 13 in column 2, and by points 14, 15, 16 and 17 in column 3 (see Fig. 4).
Ry(cy +d/2)(ca +d/2) Myr(2y, — c3 —d/2) (¢, +d/2)(c; +d/2)
A 21,
MuyT(th_Cl —d/2)(c; +d/2)(c; +d[2) (39)
21

W

upl :Pulf

¥
For limit column in the X; direction:
Ry(c; +d/2)(ca +d/2) My (2y, —c3 —d/2)(c; +d/2)(c; +d/2)

VupQ = Puz -

A 21, 10
My (230 — 2Ly — ¢ + d/2)(c; + d/2)(cs + d/2) (40)
21,
|
| |
|
1 A2 e 2
_ 10 13
- % | S I——
2 - 3 ‘ : __________.____11.:__-——-:13 b
3 ;-f ¥
X B CGF '
L:
b !
8 i ¥

L L_JI5 :
rlr‘? D !
~ef ]
Al

a2’ 17" 16
Jﬁ 5 [ U _
b2 -
Xt Xb
1

Fig. 4. Punching shear

For the column without limit:
Ry(c; +d)(cy +d/2) B My 2y, — €3 —d/2)(c; + d)(c3 +d/2)
A 21,
M7 (2, — 2L, — ¢)(c, + d)(c5 + d/2) (41)

21,

Vupz =Py —

For limit column in the Y3 direction:
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R,(cy +d/2)(c; +d/2) . MuyT(th —c¢; —d/2)(c, +df2)(c, +d/2)

Vupz = Py3 — 2 21
y
My (2y, — 2L, — c3 +d)2)(cy + d/2)(c, + d/2) (42)
21,
For the column without limit:
_ Ry(cs +d)(c; +d/2) Myyr(2x; — ¢y —d/2)(c, +d)(c, +d/2)
Vupz - Pu3 - A — 51
e 43
| Mur 2y, 2L, — c)(ey + (e + d/2) (43)
21,

2.3. Objective function to obtain the minimum cost

The total cost Cr for the corner combined footing is obtained by the following equation:

Cr = V.Cc + VysCs (44)
where: C. = cost of concrete for 1 m? in dollars, Cs = cost of reinforcing steel for 1 kN of steel in dollars, Vs = volume of
reinforcing steel, V. = volume of concrete, and ys = steel density = 76.94 kN/m®,

The volumes for the corner combined footings are:
Vo = (Agprr + Asypr)a + (AsyTL + AsyBL)b + (Agyrr + Asypr + Aspa) by + (AsyTT + Agypr + ASPZ)bl (45)
V. = [ab; + (b — D)DbyJt — (Ager, + Asyp)a — (AsyTL + AsyBL)b — (Agyrr + Asypr + Aspz) by (46)
- (AsyTT + AsyBT + Ast)bl
where: t = total thickness of the footing, AsrL = longitudinal steel area along of the distance “a” at the top with a width “b,” (X
axis direction), AseL = longitudinal steel area along of the distance “a” at the bottom with a width “b;” (X axis direction), Asyt =
longitudinal steel area along of the distance “b” at the top with a width “b,” (Y axis direction), Ass. = longitudinal steel area
along of the distance “b” at the bottom with a width “b,” (Y axis direction), Asps = steel area at the bottom of the column 3 with
a width ws (X axis direction), Asqr = steel area at the top of the surplus b; with a width b — by (X axis direction), Assr = steel
area at the bottom of the surplus b; and ws with a width b — by — w3 (X axis direction), Asp2 = steel area at the bottom of the
column 2 with a width w, (Y axis direction), Asyrr = steel area at the top of the surplus b, with a width a — b, (Y axis direction),
Asyer = steel area at the bottom of the surplus b, and w, with a width a — b, — w, (Y axis direction).
Now, substituting Egs. (45) and (46) into Eq. (44) is shown as equation follows:

Cr=C, [[abl + (b — b)bylt — (Agury + Agypr)a — (AsyTL + AsyBL)b — (Agrr + Asypr + Aspa) Dy

- (AsyTT + Agypr + ASPZ)bl ] (47)
+ ¥sCs[(Asurs, + Asxpn)@ + (Asyrs + Asysi )b + (Aserr + Asunr + Aspa)by
+ (AsyTT + ASJFBT + ASPZ)bl]
Subsequently, substituting a = ysCs/Cc — ysCs = aC¢ into Eq. (47) is presented by the following equation:
Cr= CC{[(AsrTL + Agyp)a + (AsyTL + AsyBL)b + (Asyrr + Asepr + Aspa) by 48
+ (AsyTT + Asypr + ASPZ)bl](a —1) + [ab, + (b — bl)bz]t} (48)

2.4. Constraint functions for the corner combined footings

The constraint for the moment that acts on each section of the footing is [26]:

|Mua,|r |Mub|: |Muc|r |Mud|r |Mue|1 |Muf|r |Mug|r |Muh|: |Mm'|1 |Mu;| = gffydAs (1

0.594, fy) )

b,df’,
where: fy = Specified yield strength of reinforcement of steel (MPa); /°c = Specified compressive strength of the concrete at 28
days (MPa); the analysis widths for moment by, are: for Mya is Wa, for Mup, Myc, Mug and Mye is b, for Myt is ws, for Myg, Mun, Mui
and My is by; the steel areas for moment As are: for Mya is Aspz, Tor Mup is Asytib, Muc 1S Asytie, Mud IS Asysra and Mye is Agyare, TOr
Myt is Asps, for Muyg is Ascrig, Mun IS Ascrin, Mui i AseLi and My is Asetj.

The constraint for the bending shear that acts on each section of the footing is [26]:

|Vuk |: |Vu1 |: “{unlw “’{ml: “’L,o |v |I{tp |J |qu |! |I’{u| = 0-17{3!}\’ ffcbwsd (50)
where: the analysis widths for bending shear bus are: for Vi is Wy, for Vu, Vum and Vi is by, for Ve is ws, for Vyp, Vug and Vi is
b1
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The constraint for the punching shear on each section of the footing is [26]:

2
0.170, (1 +E)\/}”Cb0d
c
a.d
Vip1:Vapz: Vips =4 0.0830, (—; + 2)xff’cbod (1)
0

0.330,f'.(c; + ¢, + d)d
where: the analysis perimeters of the critical section for punching shear bo are: for Vyp1 is ¢1 + ¢z + d (corner column), for V. is
2Cs + ¢z +2d (edge column) and cs + ¢ + d (corner column), for Vyps is 2¢1 + ¢4 +2d (edge column) and ¢; + ¢4 + d (corner
column); for B is ratio of long side to short side of the column; for as is 40 for interior column, 30 for edge column, and 20 for
corner column.

For the ratios p of As to byd of the footing are [26]:

0.856,f'. [ 600
Ppzs Pyribs Pyrier Pysrds PygLer Ppas Pxrigs Pxrihs PreLir Pxrj = 0.75 5, 600 + f, (52)
0.25\/f";
Przs Pyribs Pyrrcs Pysrdr Pysres Ppas Pxrrgs Prrihs Pxrir PxBLj = {FJ;‘ (53)
fy

where: pPP2 for Mya, PyTLb for Myp, PyTLe for Myc, PyBLd for Myg, PyBLe for Mye, pPP3 for My, PxTLg for Mug, pxTLh for Mun, PxBLi for My;,
PxBLj fOI' Mu]

For the reinforcing steel areas of the footing are:

Agpy = ppaw,d (54)
Asyrip = pyTLbed (55)
AsyTLc = PyrLc b,d (56)
Agypra = Pysrab2d (57)
AsyBLe = pyBLebzd (58)
Agps = ppzwsd (59)
Agyrig = Prrighd (60)
Agyrin = Prrinbid (61)
Agypri = PxpLibrd (62)
Agyprj = Pxprjbrd (63)
Agyrr = 0.0018(a — b,)d (64)
Agypr = 0.0018(a — b, —w,)d (65)
Agrr = 0.0018(b — by)d (66)
Agpr = 0.0018(b — b, —w;)d (67)
AsyTLb
Asyre = {js}’TLc (68)
Aoy = {47700 (69)
Ay = {9 (70)
sxTLh
AstL = {jSIBLf. (71)
SXBLj

3 Practical examples

Design of a corner combined footing that supports three square columns (see Fig. 1), and the following data is given: the three
columns are of 40x40 c¢cm; L1 = 5.00 m; L, = 6.00 m; H = Depth of the footing = 2.0 m; Pp; = Dead load of the column 1 = 300
kN; Pr1 = Live load of the column 1 = 400 kN; Mpyx: = Moment around the “X” axis of the dead load of column 1 = 100 kKN-m;
M1 = Moment around the “X” axis of the live load of column 1 = 120 kN-m; Mpy: = Moment around the “Y” axis of the dead
load of column 1 = 130 kN-m; Myy1 = Moment around the “Y” axis of the live load of column 1 = 150 kN-m; Pp, = Dead load
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of the column 2 = 600 kN; P, = Live load of the column 2 = 800 kN; Mpyx, = Moment around the “X” axis of the dead load of
column 2 = 120 kN-m; Mix2 = Moment around the “X” axis of the live load of column 2 = 140 kN-m; Mpy> = Moment around
the “Y” axis of the dead load of column 2 = 140 kN-m; Myy> = Moment around the “Y” axis of the live load of column 2 = 160
kN-m; Pp3 = Dead load of the column 3 = 800 kN; P 3 = Live load of the column 3 = 1000 kN; Mpys = Moment around the “X”
axis of the dead load of column 3 = 160 kN-m; Mixs = Moment around the “X” axis of the live load of column 3 = 180 kN-m;
Mpys = Moment around the “Y” axis of the dead load of column 3 = 180 kN-m; Myys = Moment around the “Y” axis of the live
load of column 3 = 200 kN-m; f°c = 28 MPa; f, = 420 MPa; g, = Allowable load capacity of the soil = 250 kN/m?; ypp, = Self-
weight of the footing in a cubic meter = 24 kN/m3; yups = Self-weight of soil fill in a cubic meter = 15 kN/m?. It is assumed that r
= Coating concrete = 8 cm, and a = Relationship between the cost of reinforcing steel and the cost of concrete = 90.

The loads and moments applied to the footing are: P1 = 700 kN; Myx = 220 kKN-m; My; = 280 kN-m; P2 = 1400 kN; My, = 260 kN-
m; My2 = 300 kN-m; P3 = 1800 kN; Myz = 340 kN-m; Myz = 380 kN-m.

The available permissible load capacity of the soil is assumed that is of gaa = 211.00 kN/m?, because to the available load
capacity of the soil is subtracted the self-weight of the footing and the self-weight of soil fill.

Four examples are shown to obtain the minimum cost for the design of reinforced concrete corner combined footings taking into
account the same loads and moments applied by each column. Example 1 considers: ¢1/2 + L1 + ¢2/2 <a, C3/2 + L + Cc4/2 < b,
b1 >0, b2 >0 (unconstrained sides). Example 2 takes into account: ¢1/2 + L1 + C2/2 = a, Ca/2 + Lo + ¢a/2 < b, 01 >0, b2 >0
(constraint in the X direction). Example 3 considers: ¢1/2 + L1 + ¢2/2 <a, C3/2 + Ly + c4/2 = b, b1 >0, b2 >0 (constraint in the Y
direction). Example 4 takes into account: ci/2 + L1 + C2/2 = @, ¢3/2 + Ly + €4/2 = b, b1 >0, b2 > 0 (constraints in the X and Y
directions).

The solution for the minimum contact surface with the ground by the Maple software is obtained for each example and each
example presents the theoretical and practical dimensions (see Table 2) [27].

Table 2. Minimum contact surface with the ground

Example 1 Example 2 Example 3 Example 4
Concept T b T P T P T p
Ix (m*) 94.46 | 99.59 |97.39 |100.99 | 7341 | 7455 |73.68 |74.35
Iy (m*) 4237 4476 | 4194 4292 |40.68 |32.38 |31.44 |3l61
Myt (KN-m) | O 14449 | 0 14779 | 0 -95.91 | -128.83 | -91.46
Myt (kKN-m) | O 154010 50.14 |0 -42.62 | -97.42 | -63.87
R (kN) 3900 |[3900 |3900 |3900 |3900 |3900 |3900 3900
a(m) 5.58 5.60 5.40 5.40 6.87 5.50 5.40 5.40
b (m) 7.47 7.50 7.69 7.70 6.40 6.40 6.40 6.40
b1 (m) 1.57 1.65 1.74 1.80 0.64 1.15 1.20 1.20
b2 (M) 1.66 1.75 1.53 1.60 2.45 2.50 2.46 2.50
Xt (M) 1.75 1.79 1.75 1.76 1.75 1.74 1.72 1.73
Xp (M) 3.83 3.81 3.65 3.64 5.12 3.76 3.68 3.67
yi(m) 2.76 2.80 2.76 2.80 2.76 2.73 2.73 2.74
Yo (M) 4.71 4.70 4.93 4.90 3.64 3.67 3.67 3.66
g1 (kN/m?) | 211.00 | 210.44 | 211.00 | 210.07 | 211.00 | 194.71 | 192.18 | 193.34
g2 (kN/m?) | 211.00 | 191.17 | 211.00 | 202.63 | 211.00 | 201.95 | 208.91 | 204.25
gs (KN/m?) | 211.00 | 202.03 | 211.00 | 205.23 | 211.00 | 199.48 | 201.90 | 199.87
ga(kN/m?) | 211.00 | 188.78 | 211.00 | 200.00 | 211.00 | 203.43 | 211.00 | 205.73
gs (KN/m?) | 211.00 | 199.56 | 211.00 | 198.80 | 211.00 | 202.94 | 203.37 | 201.21
gs (KN/m?) | 211.00 | 193.54 | 211.00 | 196.60 | 211.00 | 206.23 | 211.00 | 206.26
Anin (M?) 18.48 1948 |18.48 |19.16 |1848 1945 [19.28 |19.48

where: T = Theoretical, P = Practical
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The factored loads and the factored moments that act on the corner combined footing due to the columns are: P, = 1000 KN;
Mua = 312 kN-m; Myy1 = 396 KN-m; Pyz = 2000 kN; Myxz = 368 kKN-m; Muy2 = 424 kN-m; Pys = 2560 KN; Muyys = 480 kN-m; Myys =
536 kN-m.

Now, the practical dimensions of the corner combined footing that supports three square columns are substituted into Eq. (48) to
obtain the objective function, and into Egs. (49) to (71) to obtain the constraint functions.

The minimum cost solution for the design of reinforced concrete corner combined footings by the Maple software is obtained
for each example and each example presents the effective depth, the reinforcing steel areas and the percentage of steel
(theoretical and practical) (see Table 3) [27].

Table 3. Minimum cost for the design of reinforced concrete corner combined footings

Example 1 Example 2 Example 3 Example 4

Concept T P T P T P T )

d (cm) 86.91 87.00 92.98 97.00 11496 |117.00 | 114.20 | 117.00
pr2 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333
ppr3 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333
PxBLi 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333
PxBLj 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333
PxTLg 0.00723 | 0.00721 | 0.00553 | 0.00505 | 0.00661 | 0.00627 | 0.00610 | 0.00580
PxTLh 0.00738 | 0.00736 | 0.00553 | 0.00505 | 0.00661 | 0.00627 | 0.00610 | 0.00580
PyBLd 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333
PyBLe 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333 | 0.00333
PyTLb 0.00607 | 0.00609 | 0.00596 | 0.00547 | 0.00333 | 0.00333 | 0.00333 | 0.00333
PyTLc 0.00630 | 0.00629 | 0.00600 | 0.00548 | 0.00333 | 0.00333 | 0.00333 | 0.00333

Aspz (cm?) 36.77 36.83 26.81 28.61 58.70 61.23 36.96 38.41
Asps (CM?) 36.77 36.83 41.21 44.30 36.96 38.41 36.96 38.41
AseL (cm?) | 47.80 47.85 55.79 58.20 43.77 44 .85 45.68 46.80
AsxaLi (sz) 47.80 47.85 55.79 58.20 43.77 44 .85 45.68 46.80
Asxaij (cm?) | 47.80 47.85 55.79 58.20 43.77 44.85 45.68 46.80
Aset (cm?) | 71.66 71.72 76.49 79.09 87.96 89.82 86.93 88.77
AstL (cm?) | 105.80 | 105.67 | 92.61 88.23 86.82 84.37 83.56 81.41
AsxTLg (sz) 103.62 | 103.50 | 92.58 88.21 86.82 84.37 83.56 81.41
AsxTLh (sz) 105.80 | 105.67 | 92.61 88.23 86.82 84.37 83.56 81.41
Ascrr (cm?) | 91.52 91.61 98.74 103.01 |107.92 | 110.56 | 106.89 | 109.51
AseL (cm?) | 50.70 50.75 49,59 51.73 95.16 97.50 95.16 97.50
AsyBLd (sz) 50.70 50.75 49.59 51.73 95.16 97.50 95.16 97.50
AsyBLe (Cm2) 50.70 50.75 49.59 51.73 95.16 97.50 95.16 97.50
Aser (cm?) | 40.38 40.40 49.12 50.90 29.97 30.12 39.65 40.33
Asy1 (cm?) | 95.86 95.75 89.28 85.02 95.16 97.50 95.16 97.50
Asyin (cm?) | 92.25 92.67 88.63 84.83 95.16 97.50 95.16 97.50
AgyTic (sz) 95.86 95.75 89.28 85.02 95.16 97.50 95.16 97.50
AgyTT (sz) 60.23 60.29 63.60 66.35 61.67 63.18 59.61 61.07
Cr 41.06C. | 41.07C; | 41.31C. | 42.09C | 47.72C. | 48.64C. | 47.45C. | 48.38C
where: T = Theoretical, P = Practical

4 Results

Table 4 shows the results of the final design of the four examples (effective depth, total thickness, reinforcing steel areas,
volume of concrete, volume of reinforcing steel, and total volume).
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Table 4. Final design of the four examples of the corner combined footings

Concept Example 1 Example 2 Example 3 Example 4
d(cm) 87.00 97.00 117.00 117.00

t (cm) 95.00 105.00 125.00 125.00

Aspz (cm?) | 40.56 (8017) 30.42 (6917) 65.91 (13917) 40.56 (8017)
Ass (cm?) | 40.56 (8017) 45.63 (9917) 40.56 (8017) 40.56 (8017)
AseL (cm?) | 50.70 (10017) | 60.84 (1201”) 45.63 (9917) 50.70 (1091™)
Aget (cm?) | 74.10 (2603/4”) | 79.80 (28@3/4”) | 91.20 (3203/4”) | 91.20 (3203/4”)
Asa (cm?) | 106.47 (2101”) | 91.26 (1801”) 86.19 (17917) 86.19 (17917)

At (cm?)

94.05 (3393/4”)

105.45 (3703/4”)

111.15 (3993/4”)

111.15 (3993/4”)

AsyBl_ (sz)

55.77 (11017

55.77 (11017

101.40 (2001”)

101.40 (2001”)

AsyBT (sz)

42.75 (1503/4”)

51.30 (1803/4)

31.35 (1193/4”)

42.75 (1503/4”)

AsyTL (sz)

96.33 (1901”)

86.19 (17017

101.40 (20017

101.40 (20017

Ayt (cm?) | 62.70 (2203/47) | 63.40 (2403/4™) | 65.55 (2393/4”) | 62.70 (2203/4”)
V. (M) 18.2433 19.8636 24.0308 24.0691

Vs (M) 0.2627 0.2554 0.2817 0.2809

Vi (M) 18.5060 20.1180 24.3125 24.3500

Cr 41.89C, 42.85C, 49.39C, 49.35C,

Table 2 shows the four examples to find the optimal area or minimum contact surface for the corner combined footings with the
ground. The constant parameters for the four examples are: the axial loads (P1, P2 and P3), the moments around the X axis (My,
My and Mys), the moment around the Y axis (My1, My and Myz), the sides of the columns (ci, 2, c3 and cs), the separation
between columns (L1 and L), and the available permissible load capacity of the soil (qaa). The design variables to find are: the
sides (a, b, by and by), the moments of inertia around each axis (Ix and ly), the resultant force (R), the resultant moments (Myr and
Myr), the distance from the center of gravity to the furthest fiber in each direction (x;, Xs, Yt and yp), and the pressures at each
vertex of the footing (g1, g2 03, g4, s and Qs), these variables are assumed non-negative (except for the moments). This table
shows the following: 1) The smallest contact area is presented in examples 1, 2 and 3 of Apin = 18.48 m? (Theoretical), and in
example 2 of Amin = 19.16 m? (Practical). 2) The pressure under the footing is uniform for examples 1, 2 and 3 (Theoretical),
because the resultant moments Myr and My are zero, i.e., the resultant force of all the forces is located at the center of gravity of
the footing. 3) The greatest contact area is presented in example 4 of Amin = 19.28 m? (Theoretical), and in examples 1 and 4 of
Anmin = 19.48 m? (Practical).

Table 3 shows the minimum cost for design, the effective depth, the percentages of reinforcing steel, and the reinforcing steel
areas. The known parameters for the four examples are: the sides (a, b, b; and by), the factored moments (Mua, Mub, Mye, Mug,
Mue, Mut, Mug, Mun, Myi and My;), the factored bending shears (Vuk, Vu, Vum, Vun, Vuo, Vup, Vg @and Vi) are presented in function of
“d”, the factored punching shears (Vyp1, V2 and Vips) are presented in function of “d”, the maximum and minimum percentages.
The design variables to find are: the effective depth (d), the percentages of reinforcing steel at each section (pp2, pps, pxeLi, PxBLj:
PxTLgs PxTLh, PyBLd, PyBLe, pyTLb @nd pytic), the reinforcing steel areas (Aspz, Aspa, AsxaL, AsxaLis AsxaLis AsxaT, AsxtL, AsxtLg, AsxTLh, AsxTT,
AsyL, AsyLd, AsyLe, AsyT, AsyTL, AsyLb, Asytie and Asyrr). This table shows the following: 1) The lowest cost is presented in
example 1 of Cr = 41.06C; (Theoretical), and also in example 1 of Cr = 41.07C; (Practical). 2) The highest cost is presented in
example 3 of Cy = 47.72C. (Theoretical), and also in example 3 of Cy = 48.64C; (Practical). 3) The smallest effective depth is
presented in example 1 of d = 86.91 cm (Theoretical), and also in example 1 of d = 87.00 cm (Practical). 4) The greatest
effective depth is presented in example 3 of d = 114.96 cm (Theoretical), and also in examples 3 and 4 of d = 117.00 cm
(Practical).

Table 4 shows the final design. This table shows the following: 1) The smallest effective depth is presented in example 1 of d =
87.00 cm, and the greatest effective depth is presented in in examples 3 and 4 of d = 117.00 cm. 2) The smallest volume of
concrete is presented in example 1 of V. = 18.2433 m®, and the greatest volume of concrete is presented in example 4 of V, =
24.0691 m®. 3) The smallest volume of steel is presented in example 2 of Vs = 0.2554 m3, and the greatest volume of steel is
presented in example 3 of Vs = 0.2817 m®. 4) The smallest total volume is presented in example 1 of Vi = 18.5060 m?, and the
greatest total volume is presented in example 4 of Vi = 24.3500 m3. 5) The lowest cost is presented in example 1 of Cr =
41.89C, and the highest cost is presented in example 3 of Cr = 49.39C..
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Fig. 5 shows in detail the dimensions and the reinforcing steel for the corner combined footing in a general way.
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Fig. 5. General diagram for a corner combined footing

5 Conclusions

The model presented in this paper deals the design of minimum cost for reinforced concrete corner combined footings subjected
to an axial load, a moment around the “X” axis and a moment around the “Y” axis, these effects are provided by each column.
The optimal area or minimum contact surface considers the following: The constant or known parameters are: P1, P2, P3, My,
My2, Mys, My1, My2, Mys, C1, Ca, C3, Ca, L1, Lo, and Qaa. The decision or unknown variables are: Amin, &, b, b1, bz, Iy, ly, R, My, My,
Xt, Xb, Yt, Yb, Q1, 02 G3, 04, s and Q.

The optimal model is shown to obtain the total minimum cost of the materials used (concrete and reinforcing steel) for the
construction of the corner combined footings and the constraint functions are generated according to the requirements of the
building code (ACI 318-19) [26].

The optimal design or minimum cost considers the following: The constant or known parameters are: a, b, by, by, ¢1, ¢, C3, C4, H,
L1, L2, Mya, Mub, Muc, Mud, Mue, Myt, Mug, Mun, Mui, Muj, Vik, Va, Vum, Van, Vo, Vup, Vugs Vur, Vupt, Vup2, Vups, Ga, e, 7, 1, @, f'c and
fy. The design or unknown variables are: Cr, d, pp2, pps, pxeLi, PxBL}, PxTLg, PXTLh, PyBLds PyBLes PyTib, PyTLe, Asp2, Asp3, AsxaL, AsxaLi,
AsiaLj, AsxaT, AsxTL, AsxTLg, AsxTLhy AsxTT, AsybL, AsyBLd, AsyaLe, AsyaT, AsyTL, AsyTib, AsyTLe and Agyrr.

The proposed model presented in this paper concludes the following:

1. The optimal model is flexible and could be used for three or four property lines, because the values of “a” and/or “b”
can be restricted on the corner combined footings. These values are not affected in the design, because simply Mye
and/or M; are equal to zero and Vy, and/or V- does not exist.

2. The most economical design is presented in example 1 of Ct = 41.89C, because the dimensions “@” and “b” are not
restricted (see Table 4).

3. The order of least to greatest of the examples investigated is:

a) For the minimum contact area is 2, 3, 1 and 4 (Practical) (see Table 2).
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b) For the minimum cost for design is 1, 2, 4 and 3 (Practical) (see Table 4).
Therefore, there is no direct relationship between the optimal area and the minimum cost design.
The proposed methodology shown in this work is more economical, more precise and converges more quickly.
The objective function and constraint functions are shown by simplified and generalized equations.
The proposed model could be used for other concrete design codes, this can be done by changing the equations of the
resistant moment, the resistant bending shear and the resistant punching shear according to the specifics of each code to
obtain the minimum cost for the corner combined footings.

No ok

The proposed model presented in this paper for the structural design of corner combined footings subjected to an axial load and
moment in two directions in each column can be applied to others cases: The footings subjected to a concentric axial load in
each column, and the footings subjected to an axial load and moment in one direction in each column.

The suggestions for future research could be:

1) Optimal design of another type of structural foundation.

2) Optimal design of another type of structural members for reinforced concrete and structural steel.
3) Optimal design for the complete structure.
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