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Abstract. In this paper a combination of interval type-3 fuzzy logic and the fractal 

dimension (FD) is employed for arrhythmia classification. FD is utilized to 

characterize the geometrical properties in the electrocardiogram (ECG) of a patient. 

The fractal dimension is a good representative of an ECG signal, as is able to model 

its complexity. A type-3 fuzzy system is used to convey the knowledge in image 

classification. Type-3 helps in capturing the uncertainty in medical classification. A 

new technique is introduced for arrhythmia classification using the FD. Results with 

the MIT dataset show the effectiveness of the proposal. In addition, type-3 results 

were shown to be statistically better than the ones obtained by type-2 and type-1. A 

limitation of this study is that arrhythmia classification is performed in an offline 

fashion, meaning that information of patients is contained in a dataset and we process 

the information in the computer, which is not real-world scenario in this case. Future 

work could be to optimize parameters for enhancing even further the performance. 

Also, a hardware implementation would help in making this approach closer to the 

real persons, as arrhythmias could be classified in a quicker fashion.  
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1 Introduction 

It is well-known that fuzzy systems achieve amazing applications in many areas. Originally, fuzzy sets (now called type-1) 

were put forward in (Zadeh, 1965). Later fuzzy logic and fuzzy systems were also proposed in (Zadeh, 1989), and many 

applications follow, mainly in control (Cazarez-Castro et al., 2010; Castillo et al., 2020). Fuzzy Logic has evolved from the 

original works of Zadeh with type-1 fuzzy theory (Zadeh, 1965; Zadeh, 1989), to later the developments of type-2 and its 

applications (Cazarez-Castro et al., 2012; Mendel & John, 2002; Melin & Castillo, 2004; Castro et al., 2008), to now where 

type-3 and its applications are surging as a novel promissory area (Castillo et al., 2022; Castillo & Melin, 2022; Qasem et al., 

2021; Mohammadzadeh et al., 2020). In addition, type-3 has been employed, with relative success, to handle uncertainty from 

sensor measurements, like in control (Liu et al., 2021; Singh et al., 2021; Wang et al., 2021; Alattas et al., 2021; Cao et al. 

2021).  

There have been some previous works applying the fractal dimension (FD) to diagnosis in diverse medical problems, as in 

(Chakravarty & Chakraborty, 2017; Hadzieva et al., 2016; Hadzieva et al., 2017; Lennon et al., 2015; Macgillivray et al., 

2007; Lupo et al., 2016; Lv et al., 2009). Also, there exist some works using fuzzy logic in medical diagnosis, like in (Alpar, 

2023; Alpar et al., 2022). Regarding in particular the case of Arrhythmia Classification, there have been some previous works, 

but not using fuzzy logic, as can be seen in (Sedielmaci & Reguig, 2013; Castiglioni et al., 2014; Oweis &Hijazi, 2006; Spasić

et al., 2012; Pan & Tompkins, 1985; Mary & Singh, 2013). With this fact in mind, we offer a type-3 fuzzy-fractal approach 

for Arrhythmia Classification, which can be viewed as the contribution of this work. A dataset of Arrhythmia Images (Mary 

& Singh, 2013; Kiani & Maghsoudi, 2019) was used and the approach exhibits promissory results. A comparison versus type-

2 and type-1 highlights the potential of the type-3 approach. The hardware implementation of the approach would make it 

usable in the real world, but remains as future work. However, for the moment this is the first step in achieving better results 

in the Arrhythmia classification problem. Finally, other kinds of fuzzy models could be applied, such as Fermatean, 

Pythagorean or hesitant fuzzy approaches are interesting alternatives. 
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The rest of the paper is: Section 2 offers type-3 concepts, in Section 3 the FD concept is offered, in Section 4 the type-1 fuzzy 

method is delineated, in Section 5 we offer the type-2 approach, in Section 6 the type-3 approach is postulated, in Section 6 

results and comparisons are presented, and in Section 7 conclusions and future works are given.  

2 Type-2 and Type-3 Fuzzy Sets 

A General type-2 fuzzy set (Ã) comprises the primary variable x with domain X, and secondary variable 𝑢 with domain 𝐽𝑥
𝑢. 

The secondary membership grade μÃ(x, u) is a 3D membership function (MF) where 0 ≤  μ
Ã̃

(x, u)  ≤ 1 (Mendel & John, 

2002).  It is expressed by (1) 

𝐴̃ =  {((𝑥, 𝑢), 𝜇𝐴 (𝑥, 𝑢))| ∀𝑥 ∈ 𝑋, ∀𝑢 ∈  𝐽𝑥
𝑢  ⊆  [0,1] }. (1) 

The footprint of uncertainty (FOU) of (Ã) is the support of μÃ(x, u) and is given by (2) 

( ) }.0),(|]1,0[),{(
~

~ = uxXuxAFOU
A

  (2) 

If we assume that the secondary MF is fixed to 1, then we get reduced model that is called an interval type-2 set. The other 

concepts, like relations, implication and fuzzy models, can be build based on these definitions. 

A type-3 fuzzy set (T3 FS) (Castillo et al., 2022), denoted by 𝐴(3), is represented by the membership function (MF) 

of 𝐴(3), in the Cartesian product 𝑋 × [0,1] × [0,1] in [0,1], where 𝑋 is the primary variable universe of 𝐴(3), x. The 𝜇𝐴(3) is 

a type-3 MF (T3 MF):  

𝜇𝐴(3): 𝑋 × [0,1] × [0,1] → [0,1] 

𝐴(3) = {(𝑥, 𝑢(𝑥), 𝑣(𝑥, 𝑢), 𝜇𝐴(3)(𝑥, 𝑢, 𝑣)) | 𝑥 ∈ 𝑋, 𝑢 ∈ 𝑈 ⊆ [0,1], 𝑣 ∈ 𝑉 ⊆ [0,1]}  (3) 

where 𝑈 is universe for secondary variable 𝑢 and 𝑉 is universe for tertiary variable 𝑣. If T3MFs are used in the rules then a 

type-3 fuzzy logic system (T3FLS) arises. For more specific details on how the inference process and type reduction are 

postulated in this case, please check (Castillo et al., 2022). 

3 Results and Discussion 

Recently, significant progress has been achieved in comprehending the complexity of an object by employing fractal 

constructs (Hadzieva et al., 2017). For example, medical images exhibit properties suggesting a fractal structure (Castiglioni 

et al, 2014; Oweis &Hijazi, 2006; Spasić et al., 2012). There are several FD definitions, but here we consider the box counting 

FD as: 

 d = lim [lnN(r)] / [ln(1/r)]            (4) 

       r → 0    

where N(r) is for number of boxes of size r. The d in (4) is approximated with boxes for several r sizes and using regression 

for finding d. 

The ECG depicts the electrical activity of the heart that includes the regular and calm contraction of the heart muscles. The 

ECG waveform includes 5 major waves of P, Q, R, S, and T (Mary & Singh, 2013). One of the most important parts of the 

ECG analysis is the measurement of RR-Interval and ST-segment, which are good representatives of the variety of heartbeat 

(Spasić et al., 2012; Pan & Tompkins, 1985; Mary & Singh, 2013). The FD of the RR-Interval is calculated with (4). Since 

the heart is nonlinear, severe diseases have a smaller FD. According to experiments, we can classify into 4 groups related to 

the FD. 

Normal: FD >1.56, PAC: 1.37 < FD ≤ 1.56  

PVC: 1.3 < FD ≤ 1.37, PSVT: 1 < FD ≤ 1.3 

In this case, the corresponding arrhythmias are: Premature Ventricular Complex (PVC), Premature Atrial Contracture (PAC) 

and PSVT, which includes other types of arrhythmia (Kiani & Maghsoudi, 2019). We have to say that it is possible to only 

use FD in deciding if a person has a possible pathology, but the approach would only be based on a fixed numeric threshold 

(somewhat arbitrary) and the main problem with this alternative is it would not take into account the intrinsic uncertainty of 

medical decision making. As illustration, we show in Figure 1(a) a normal ECG signal and in Figure 1(b) a PVC signal that 

indicates an arrythmia. Of course, from Figure 1 there is a clear difference between a normal signal and problematic one, but 
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if we want to automate the process of discriminating between normal and arrythmia signal we need to have a way to process 

the geometrical signal and distinguish between them. In this case, the FD provides a good way to measure the geometrical 

complexity and then a set of fuzzy rules complements the decision-making process to achieve arrythmia classification. 

 
(a)                                                                     (b)                                        

Fig. 1 Examples of ECG signals: (a) Normal beat, and (b) PVC beat 

4 Type-1 Fuzzy Approach 

First, a type-1 FL approach for Arrhythmia Classification is offered. Figure 2 shows the structure of the system, where the 

image FD enters as input, and classification is the output.  

 

Fig. 2 System for Arrhythmia Classification. 

Figure 3 depicts the MFs for FD, which are Low, Medium, High, and Very High. The shape of the MFs was decided based 

on previous studies, where the Gaussian MFs produce good results in medical problems (Melin & Castillo, 2025). 

 

Fig. 3 Input MFs. 
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In Figure 4 we find the output MFs, for the classification (Class). In this case, there are four MFs, one for PSVT, another for 

PVC, another one for PAC and another for Normal. 

 

Fig. 4 MFs for the Class. 

Table 1 lists the MF parameters for FD. The FD range is from 1 to 2, as experimentally the FDs of the images are in this 

range. Table 2 shows the MF parameters for the Class, which are in [0, 5]. All MFs are Gaussian, having two parameters, 

center (c) and deviation (s). These parameter values come from the experimental data obtained for the FD in (Kiani & 

Maghsoudi, 2019), meaning centers of Gaussians are the means in the experimens. The deviations were manually tuned until 

the best results were achieved, athough these could optimized in the future by using metaheuristics, which could enhance the 

results. 

Table 1. Parameters of input MFs. 

MFs c s 

Low 1.16 0.04125 

Medium 1.33 0.04027 

High 1.47 0.03988 

Very High 1.78 0.07212 

 

Table 2. Parameters of output MFs. 

MFs c s 

PSVT 1.00 0.3179 

PVC 2.00 0.2805 

PAC 3.00 0.3382 

Normal 4.00 0.3107 

 

Based on knowledge, the Arrhythmia is classified as PSVT for low FD, classified as PVC for medium FD and is classified as 

PAC for high FD values. Finally, the signal is classified as normal if the FD is very high. Then the fuzzy rules are: 

If FD is Low Then Class is PSVT 

If FD is Medium Then Class is PVC 

If FD is High Then Class is PAC 

If FD is Very High Then Class is Normal 
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These rules basically are encapsulating the classification knowledge for this problem, but we could consider other variables 

and more rules for the system in the future. The complete method is summarized in Figure 5, where all the steps are shown. 

 

Fig. 5 Proposed methodology. 

In Figure 5 we can note the part in which the image is preprocessed and then the FD value is calculated to proceed into the 

type-1 fuzzy system for evaluating the results. In the following sections the same approach is used, but the change would be 

in that the fuzzy system is replaced by a type-2 or type-3 variant. 

5 Type-2 Approach 

Here we augment the type-1 system to type-2 by utilizing T2MFs. The type-2 system structure is depicted in Figure 6. The 

difference with Figure 2 is that now we are using type-2 MFs (T2MFs) that handle higher uncertainty levels, which can 

enhance the classification. The input T2MFs are shown in Figure 7. The output T2MFs are shown in Figure 8. 

 

Fig. 6 Type-2 approach for Arrhythmia Classification. 
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Fig, 7 Input T2MFs 

 

Fig. 8 Output T2MFs. 

Table 3 lists the parameters for the T2MFs of the FD input. Table 4 lists the parameters for the T2MFs of Class, which are in 

[0, 5]. The T2MFs are scaled Gaussians, so we now have 4 parameters: c, s, lower lag (ℓ) and lower scale (𝜆) (Castillo et al. 

2022). These values were obtained by trial and error until good results were achieved, but we expect to optimize them with 

metaheuristics in the future to enhance the results even further.   

Table 3. Parameters of input T2MFs. 

MFs c s 𝝀 𝓵 

Low 1.160 0.0412 0.900 0.200 

Medium 1.330 0.0402 0.900 0.200 

High 1.470 0.0518 0.900 0.200 

Very High 1.780 0.1199 0.950 0.200 
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Table 4. Parameters of output T2MFs. 

MFs c s 𝝀 𝓵 

PSVT 1.000 0.3179 0.900 0.200 

PVC 2.000 0.2805 0.900 0.200 

PAC 3.000 0.3938 0.900 0.200 

Normal 4.000 0.5472 0.850 0.200 

 

The rules are the same as in type-1, as now the difference is that the T2FLS uses T2MFs. In Figure 9 we illustrate the inference 

process that shows how the rules are used and then their outputs are aggregated to finally obtain the results by type reduction. 

 

Fig. 9 Illustration of the inference process. 

6 Type-3 Approach 

The structure of the IT3FLS is depicted in Figure 10, which is similar to the previous cases. The rules are the same, but now 

the MFs are in 3D. In Figure 10, the FD value enters the input of the system and then goes into the rules for performing the 

inference and type reduction and then finding the classification. Figures 11 and 12 illustrate the nature of the input and output 

MFs in bidimensional view, respectively. On the other hand, Figures 13 and 14 show the input and output MFs in a 3D view, 

respectively.  

 

Fig. 10. Structure of the system. 
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Fig. 11. Input MFs. 

 

Fig. 12. Output MFs. 

 
Fig. 13. Input MFs in 3D. 
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Fig. 14. Output MFs in 3D. 

 

7 Application to Arrythmia Classification  

Here we present the results of the approaches for Arrhythmia Classification. Table 5 shows a comparison, where column 1 

shows the FDs, column 2 lists the classes labeled by experts (PSVT =1, PVC =2, PAC =3 and Normal=N=4), column 3 shows 

type-1 results, column 4 the results of interval type-2 FL and column 5 lists the type-3 results. We considered 15 cases from 

the MIT dataset, which are already labeled by experts, and calculated the FD value and then we did perform the inference 

process to obtain the corresponding classes. The classes obtained with the fuzzy systems are compared against the expert 

classes to verify the results. Table 5 summarizes the comparison of the fuzzy approaches with the ideal values of the experts. 

  

Table 5. Comparison of Arrythmia Classification. 

FD Expert Class Type-1 Type-2 Type-3 

1.10 PSVT 1.00 1.00 1.1196 

1.20 PSVT 1.01 1.01 1.0557 

1.24 PVC 1.45 1.41 1.7411 

1.25 PVC 1.56 1.49 1.8176 

1.30 PVC 1.99 2.01 2.0173 

1.35 PVC 2.03 2.11 2.0527 

1.45 PAC 2.98 3.00 2.9952 

1.50 PAC 3.00 3.06 3.0105 

1.55 PAC 3.04 3.13 3.2485 

1.56 PAC 3.25 3.31 3.3824 

1.57 N 3.47 3.49 3.5150 

1.571 N 3.49 3.51 3.5335 
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FD Expert Class Type-1 Type-2 Type-3 

1.59 N 3.74 3.76 3.7898 

1.60 N 3.89 3.86 3.8587 

1.65 N 3.95 3.96 3.9433 

 

From Table 5 we can note that type-2 misclassifies two cases of PVC (third and fourth rows), but type-1 produce an incorrect 

result in third row, which should be PVC. Also, type-1 has incorrect results in rows 11 and 12, which should be N. On the 

other hand, type-2 has another incorrect result in row 11, which should be N. Type-3 has the correct result in all 15 cases 

Also, numerically the type-3 results are closer to the experts.  

We performed a Wilcoxon signed rank test to validate the obtained results and we did find the following statistical evidence: 

when comparing type-3 versus type-2 we obtain a p value of 0.05, which implies that there exists significant difference in 

favor of the type-3 method, and when comparing type-3 versus type-1 the p value is of 0.001, which indicates sufficient 

evidence that the type-3 results are better than the type-1 counterpart. Even if these results are encouraging, we still need to 

consider a larger sample of cases for achieving a better validation of the type-3 approach, and this work will be undertaken in 

the future. In addition, testing with real patients would be required in the future to really validate the possible real-world 

impact of the proposal, but for now the information of the MIT Arrhythmia dataset is only considered. 

Actually, previous works that only used FD (not fuzzy logic) were used as a basis for the developments offered in this paper. 

After, developing the type-1 to type-3 FL systems we realized that fuzzy methods (added to the FD) actually improve the 

results. The main reason is that when only using FD for classification, the way to decide is to use a threshold (a crisp number) 

that arbitrarily decides (if we are below or higher) in which class the patient is considered to belong. However, the actual 

decision has uncertainty due to noise and other factors and then fuzzy logic helps to model this. The uncertainty sources are 

noise affecting instruments, instability caused by the environment and differences in the opinions from medical experts. A 

complete study of how these sources can affect the results can also be done, as it will also be interesting to understand this 

phenomenon. Also, we still need to optimize parameters (using metaheuristics) of the fuzzy systems and then perform a 

comparative study of the different variants.  

8 Conclusions 

In this paper a hybrid of type-3 fuzzy logic and FD was used for Arrhythmia Classification. FD was used to study the ECG 

geometry. An interval type-3 fuzzy system was used to convey the expert knowledge in classification. Results obtained with 

a sample of cases from an Arrhythmia dataset shows the proposal effectiveness. A statistical comparison versus type-1 and 

type-2 did show that there exists significant evidence that the type-3 approach offers better results. However, a limitation of 

the study is that the sample that was used is relatively small and more cases could be considered to achieve more evidence on 

the advantages of the proposal. Another limitation of this study is that arrhythmia classification is performed in an offline 

fashion, meaning that information of patients is contained in a dataset and we process the information in the computer, which 

is not real-world scenario in this case, as direct interaction with patients (online) would be needed in real situation. As future 

work we plan to use the approach to the classification of other problems, as we think that there are similar problems in which 

the general outlined architecture with small changes could also be successful. Also, the validation with real patients remains 

as a future endeavor for the research group, as for the moment the testing has only been done with information on the 

Arrhythmia dataset. Additionally, the hardware implementation of the approach would make it usable in the real world, as 

this would allow direct interaction with human and machine, but remains as future work to be undertaken. In addition, we 

plan to extend the approach to general type-3 fuzzy logic with the idea of enhancing the handling of uncertainty, as in (Castillo 

et al., 2026). Also, we will need to consider optimizing parameters in the fuzzy systems by means of efficient metaheuristic 

algorithms, as in (Martínez-Soto et al., 2014; Sanchez et al., 2020; Amador-Angulo et al., 2016). Also, quantum metaheuristics 

could be considered for this same task with the aim of enhancing even further the results, as has been found to be the case in 

other applications. In addition, other kinds of application areas could be considered, as in (Cazarez-Castro et al., 2010; Castillo 

et al., 2015; Soto et al., 2018). Also, combining fuzzy models with neural networks would be a good idea, as in (Ramirez et 

al., 2019). Finally, other kinds of fuzzy models could be applied, such as Fermatean, Pythagorean or hesitant fuzzy approaches 

that are interesting alternatives, and even hybrids of type-3 with these models could be considered. Additionally, the results 

of the proposal could be compared to other kinds of models to verify the possible proposal advantages.  

 

Acknowledgments: The work was done with partial support from grants. 

Data Availability Statement: The Dataset will be available on reasonable request. 



Melin et al.  / International Journal of Combinatorial Optimization Problems and Informatics, 17(5) 2026, 1-13. 

 

11 

 

Conflicts of Interest: The authors declare no conflicts of interest. 

 

References 

 

Alattas, K. A., Mohammadzadeh, A., Mobayen, S., Aly, A. A., Felemban, B. F., & Vu, M. T. (2021). A new data-

driven control system for MEMSs gyroscopes: Dynamics estimation by type-3 fuzzy systems. Micromachines, 12(11), 1390. 

https://doi.org/10.3390/mi12111390 

Alpar, O. (2023). A mathematical fuzzy fusion framework for whole tumor segmentation in multimodal MRI using 

Nakagami imaging. Expert Systems with Applications, 216, 119462. https://doi.org/10.1016/j.eswa.2022.119462 

Alpar, O., Dolezal, R., Ryska, P., & Krejcar, O. (2022). Nakagami-fuzzy imaging framework for precise lesion 

segmentation in MRI. Pattern Recognition, 128, 108675. https://doi.org/10.1016/j.patcog.2022.108675 

Amador-Angulo, L., Mendoza, O., Castro, J. R., Rodríguez-Díaz, A., Melin, P., & Castillo, O. (2016). Fuzzy sets in 

dynamic adaptation of parameters of a bee colony optimization for controlling the trajectory of an autonomous mobile robot. 

Sensors, 16(9), 1458. https://doi.org/10.3390/s16091458 

Cao, Y., Raise, A., Mohammadzadeh, A., Rathinasamy, S., Band, S. S., & Mosavi, A. (2021). Deep learned recurrent 

type-3 fuzzy system: Application for renewable energy modeling/prediction. Energy Reports, 7, 8115–8127. 

https://doi.org/10.1016/j.egyr.2021.07.004 

Castiglioni, P., Faini, A., Lombardi, C., Di Rienzo, M., Ciullo, A., De Felice, A., & D’Addio, G. (2014). 

Characterization of apnea events in sleep breathing disorder by local assessment of the fractal dimension of heart rate. In 2014 

8th Conference of the European Study Group on Cardiovascular Oscillations (ESGCO) (pp. 107–108). IEEE. 

https://doi.org/10.1109/ESGCO.2014.6847542 

Castillo, O., & Melin, P. (2022). Towards interval type-3 intuitionistic fuzzy sets and systems. Mathematics, 10(21), 

4091. https://doi.org/10.3390/math10214091 

Castillo, O., Castro, J. R., & Melin, P. (2022). Interval type-3 fuzzy systems: Theory and design. Springer. 

https://doi.org/10.1007/978-3-030-96515-0 

Castillo, O., Kutlu, F., & Atan, Ö. (2020). Intuitionistic fuzzy control of twin rotor multiple input multiple output 

systems. Journal of Intelligent & Fuzzy Systems, 38(1), 821–833. https://doi.org/10.3233/JIFS-179451 

Castillo, O., Lizárraga, E., Soria, J., Melin, P., & Valdez, F. (2015). New approach using ant colony optimization 

with ant set partition for fuzzy control design applied to the ball and beam system. Information Sciences, 294, 203–215. 

https://doi.org/10.1016/j.ins.2014.09.040 

Castro, J. R., Castillo, O., Melin, P., & Rodríguez-Díaz, A. (2008). Building fuzzy inference systems with a new 

interval type-2 fuzzy logic toolbox. In M. L. Gavrilova & C. J. K. Tan (Eds.), Transactions on computational science I 

(Lecture Notes in Computer Science, Vol. 4750, pp. 104–114). Springer. https://doi.org/10.1007/978-3-540-79299-4_5 

Cazarez-Castro, N. R., Aguilar, L. T., & Castillo, O. (2010). Fuzzy logic control with genetic membership function 

parameters optimization for the output regulation of a servomechanism with nonlinear backlash. Expert Systems with 

Applications, 37(6), 4368–4378. https://doi.org/10.1016/j.eswa.2009.11.091 

Cazarez-Castro, N. R., Aguilar, L. T., & Castillo, O. (2012). Designing type-1 and type-2 fuzzy logic controllers via 

fuzzy Lyapunov synthesis for nonsmooth mechanical systems. Engineering Applications of Artificial Intelligence, 25(5), 971–

979. https://doi.org/10.1016/j.engappai.2012.03.003 

Chakravarty, S. P., & Chakraborty, S. (2017). Fractal analysis related to tumour growth in lungs: A review. In 2017 

Fourth International Conference on Image Information Processing (ICIIP) (pp. 1–4). IEEE. 

https://doi.org/10.1109/ICIIP.2017.8313752 

Hadzieva, E., Bogatinoska, D. C., Petroski, R., Shuminoska, M., Gjergjeska, L., Karadimce, A., & Trajkova, V. 

(2016). Is the fractal dimension of the contour-lines a reliable tool for classification of medical images? MATEC Web of 

Conferences, 76, 05002. https://doi.org/10.1051/matecconf/20167605002  

Hadzieva, E., Bogatinoska, D. C., Shuminoska, M., & Petroski, R. (2017). On the reliability of the fractal dimension 

as a scalar characteristic of the medical images’ contours. WSEAS Transactions on Biology and Biomedicine, 14, 19–28. 

Kiani, K., & Maghsoudi, F. (2019). Classification of 7 arrhythmias from ECG using fractal dimensions. Journal of 

Bioinformatics and Systems Biology, 2(3), 53–65. DOI 10.26502/jbsb.5107008  

https://doi.org/10.3390/mi12111390
https://doi.org/10.1016/j.eswa.2022.119462
https://doi.org/10.1016/j.patcog.2022.108675
https://doi.org/10.3390/s16091458
https://doi.org/10.1016/j.egyr.2021.07.004
https://doi.org/10.3390/math10214091?utm_source=chatgpt.com
https://doi.org/10.1007/978-3-030-96515-0
https://doi.org/10.3233/JIFS-179451
https://doi.org/10.1016/j.ins.2014.09.040
https://doi.org/10.1007/978-3-540-79299-4_5
https://doi.org/10.1016/j.eswa.2009.11.091
https://doi.org/10.1016/j.engappai.2012.03.003
https://doi.org/10.1109/ICIIP.2017.8313752
https://doi.org/10.1051/matecconf/20167605002


Melin et al.  / International Journal of Combinatorial Optimization Problems and Informatics, 17(5) 2026, 1-13. 

 

12 

 

Lennon, F. E., Cianci, G. C., Cipriani, N. A., Hensing, T. A., Zhang, H. J., Chen, C.-T., Murgu, S. D., Vokes, E. E., 

Vannier, M. W., & Salgia, R. (2015). Lung cancer—a fractal viewpoint. Nature Reviews Clinical Oncology, 12(11), 664–

675. https://doi.org/10.1038/nrclinonc.2015.108  

Liu, Z., Mohammadzadeh, A., Turabieh, H., Mafarja, M., Band, S. S., & Mosavi, A. (2021). A new online learned 

interval type-3 fuzzy control system for solar energy management systems. IEEE Access, 9, 10498–10508. 

https://doi.org/10.1109/ACCESS.2021.3049301 

Lupo, M., Leguto, A. J., Bortolato, S. A., & Korol, A. M. (2018). Evolution of erythrocytes aggregation: A fractal 

approach when incubated with Trichinella spiralis and Ascaris lumbricoides. Ain Shams Engineering Journal, 9(4), 1621–

1625. https://doi.org/10.1016/j.asej.2016.12.004 

Lv, D., Guo, X., Wang, X., Zhang, J., & Fang, J. (2009). Computerized characterization of prostate cancer by fractal 

analysis in MR images. Journal of Magnetic Resonance Imaging, 30(1), 161–168. https://doi.org/10.1002/jmri.21819 

MacGillivray, T. J., Patton, N., Doubal, F. N., Graham, C., & Wardlaw, J. M. (2007). Fractal analysis of the retinal 

vascular network in fundus images. In 2007 29th Annual International Conference of the IEEE Engineering in Medicine and 

Biology Society (pp. 6455–6458). IEEE. https://doi.org/10.1109/IEMBS.2007.4353837 

Martínez-Soto, R., Castillo, O., & Aguilar, L. T. (2014). Type-1 and type-2 fuzzy logic controller design using a 

hybrid PSO–GA optimization method. Information Sciences, 285, 35–49. https://doi.org/10.1016/j.ins.2014.07.012 

Mary, H. M. C., & Singh, D. (2013). Fractal dimension of electrocardiogram: Distinguishing healthy and heart-

failure patients. Journal of Electrocardiology, 46(4), e21. DOI 10.1016/j.jelectrocard.2013.05.078  

Melin, P., & Castillo, O. (2004). A new method for adaptive control of non-linear plants using type-2 fuzzy logic 

and neural networks. International Journal of General Systems, 33(2–3), 289–304. 

https://doi.org/10.1080/03081070310001633608 

Melin, P., & Castillo, O. (2025). A type-3 fuzzy-fractal approach for tuberculosis diagnosis. In Type-3 fuzzy logic 

and fractal theory for medical diagnosis (pp. 5–13). Springer. https://doi.org/10.1007/978-3-031-81655-0_2 

Mendel, J. M., & John, R. I. B. (2002). Type-2 fuzzy sets made simple. IEEE Transactions on Fuzzy Systems, 10(2), 

117–127. https://doi.org/10.1109/91.995115 

Mohammadzadeh, A., Sabzalian, M. H., & Zhang, W. (2020). An interval type-3 fuzzy system and a new online 

fractional-order learning algorithm: Theory and practice. IEEE Transactions on Fuzzy Systems, 28(9), 1940–1950. 

https://doi.org/10.1109/TFUZZ.2019.2928509 

Ontiveros, E., Melin, P., & Castillo, O. (2026). A new method for minimizing computational complexity in 

generalized type-3 fuzzy systems. Transactions on Fuzzy Sets and Systems, 5(2), 331–353. 

https://doi.org/10.71602/tfss.2026.1234619 

Oweis, R., & Hijazi, L. (2006). A computer-aided ECG diagnostic tool. Computer Methods and Programs in 

Biomedicine, 81(3), 279–284. https://doi.org/10.1016/j.cmpb.2006.01.003 

Pan, J., & Tompkins, W. J. (1985). A real-time QRS detection algorithm. IEEE Transactions on Biomedical 

Engineering, BME-32(3), 230–236. https://doi.org/10.1109/TBME.1985.325532  

Qasem, S. N., Ahmadian, A., Mohammadzadeh, A., Rathinasamy, S., & Pahlevanzadeh, B. (2021). A type-3 logic 

fuzzy system: Optimized by a correntropy based Kalman filter with adaptive fuzzy kernel size. Information Sciences, 572, 

424–443. https://doi.org/10.1016/j.ins.2021.05.031 

Ramirez, E., Melin, P., & Prado-Arechiga, G. (2019). Hybrid model based on neural networks, type-1 and type-2 

fuzzy systems for 2-lead cardiac arrhythmia classification. Expert Systems with Applications, 126, 295–307. 

https://doi.org/10.1016/j.eswa.2019.02.035 

Sánchez, D., Melin, P., & Castillo, O. (2020). Comparison of particle swarm optimization variants with fuzzy 

dynamic parameter adaptation for modular granular neural networks for human recognition. Journal of Intelligent & Fuzzy 

Systems, 38(3), 3229–3252. https://doi.org/10.3233/JIFS-191198 

Sedjelmaci, I., & Bereksi Reguig, F. (2013). Detection of some heart diseases using fractal dimension and chaos 

theory. In 2013 8th International Workshop on Systems, Signal Processing and their Applications (WoSSPA) (pp. 89–94). 

IEEE. https://doi.org/10.1109/WoSSPA.2013.6602342 

Singh, D. J., Verma, N. K., Ghosh, A. K., & Malagaudanavar, A. (2022). An approach towards the design of interval 

type-3 T-S fuzzy system. IEEE Transactions on Fuzzy Systems, 30(9), 3880–3893. 

https://doi.org/10.1109/TFUZZ.2021.3133083 

https://doi.org/10.1038/nrclinonc.2015.108
https://doi.org/10.1109/ACCESS.2021.3049301
https://doi.org/10.1016/j.asej.2016.12.004
https://doi.org/10.1002/jmri.21819
https://doi.org/10.1016/j.ins.2014.07.012
https://doi.org/10.1080/03081070310001633608
https://doi.org/10.1007/978-3-031-81655-0_2
https://doi.org/10.1109/91.995115
https://doi.org/10.1109/TFUZZ.2019.2928509
https://doi.org/10.71602/tfss.2026.1234619
https://doi.org/10.1109/TBME.1985.325532
https://doi.org/10.1016/j.ins.2021.05.031
https://doi.org/10.1016/j.eswa.2019.02.035
https://doi.org/10.3233/JIFS-191198
https://doi.org/10.1109/TFUZZ.2021.3133083?utm_source=chatgpt.com


Melin et al.  / International Journal of Combinatorial Optimization Problems and Informatics, 17(5) 2026, 1-13. 

 

13 

 

Soto, J., Melin, P., & Castillo, O. (2018). A new approach for time series prediction using ensembles of IT2FNN 

models with optimization of fuzzy integrators. International Journal of Fuzzy Systems, 20(3), 701–728. 

https://doi.org/10.1007/s40815-017-0443-6 

Spasić, S., Savić, A., Nikolić, L., Budimir, S., Janošević, D., & Mitrović, A. (2012). Applications of Higuchi’s fractal 

dimension in the analysis of biological signals. In 2012 20th Telecommunications Forum (TELFOR) (pp. 639–641). IEEE. 

https://doi.org/10.1109/TELFOR.2012.6419291  

Wang, J.-H., Tavoosi, J., Mohammadzadeh, A., Mobayen, S., Asad, J. H., Assawinchaichote, W., Vu, M. T., & 

Skruch, P. (2021). Non-singleton type-3 fuzzy approach for flowmeter fault detection: Experimental study in a gas industry. 

Sensors, 21(21), 7419. https://doi.org/10.3390/s21217419 

Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338–353. https://doi.org/10.1016/S0019-

9958(65)90241-X 

Zadeh, L. A. (1989). Knowledge representation in fuzzy logic. IEEE Transactions on Knowledge and Data 

Engineering, 1(1), 89–100. https://doi.org/10.1109/69.43406 

https://doi.org/10.1007/s40815-017-0443-6
https://doi.org/10.1109/TELFOR.2012.6419291
https://doi.org/10.3390/s21217419?utm_source=chatgpt.com
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1109/69.43406


   (  A ~ )


  u


    J  x  u


   μ   A ~ ( x ,   u )


  0   ≤    μ     A ~ ~ ( x ,   u )   ≤ 1


    A ~ =    {  ( ( x , u ) ,   𝜇    A ~    ( x , u ) ) |   ∀ x ∈ X ,   ∀ u ∈     J  x  u   ⊆    [ 0 , 1 ]   }


   (  A ~ )


   μ   A ~  ( x ,   u )


    A  ( 3 )


    A  ( 3 )


  X ×  [ 0 , 1 ] × [ 0 , 1 ]


  [ 0 , 1 ]


  X


    A  ( 3 )


    𝜇    A  ( 3 )


    𝜇    A  ( 3 ) : X ×  [ 0 , 1 ] × [ 0 , 1 ] → [ 0 , 1 ]


    A   ( 3 ) =  {  ( x , u  ( x ) , v  ( x , u ) ,   𝜇    A   ( 3 )  ( x , u , v ) )   |   x ∈ X ,   u ∈ U ⊆ [ 0 , 1 ] , v ∈ V ⊆ [ 0 , 1 ] }


  U


  u


  V


  v


  ℓ


  𝜆 )


  𝝀


  𝓵


  𝝀


  𝓵

