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Abstract. This paper describes the design of a robust neuro-fuzzy control system for 

regulating a servomechanism, which is based on the development of a nested sliding-mode 
approach to effectively regulate the system and reduce the chattering effect. The approach 
involves developing a nested sliding mode control with gain adjustment using adaptive Neuro-
Fuzzy Inference. Furthermore, the servomechanism is driven by the voltage applied to a DC 
motor, and the controlled outputs are the angular position and velocity of the shaft. One key 
feature of this advanced intelligent control system is its capability to efficiently regulate the 
position and speed of the servomechanism in an exponential sense, even in the presence of 

dynamic uncertainties and external disturbances. To this end, in the first step, a conditional 
nested sliding mode control was developed to reduce the magnitude of the chattering effect. 
However, the magnitude of this conditional controller produces chattering effects on the 
actuator. To reduce this issue, an Adaptive Neuro-Fuzzy Inference System suggests adjusting 
the control gains of the sliding modes. So, the proposed control scheme helps reduce the 
magnitude of the chattering effect in the control signal. To validate the proposed control 
strategy’s effectiveness, a comparative study based on  error criteria is presented, highlighting 
its potential on the control process. 
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1 Introduction 

 

Mechanisms driven by DC motors are widely recognized as one of the most common laboratory prototypes used in control 

system education. This is because they are crucial elements for designing and controlling various applications in industrial 

processes, including servomechanisms, pendulum systems, robot manipulators, peristaltic pumps, among others. The above 

is due to its versatility in coupling with position and speed sensors, low cost, and robust implementation of control strategies. 

In the control theory study, the DC motor can be analyzed as either a SISO or SIMO system, depending on the operational 

requirements. When a DC motor is coupled to mechanical and electronic components to function as a servomechanism, the 

control of the servomechanism can be analyzed using either electric current or torque. The servomechanism output can be the 

position, velocity, or both, depending on the transducers that measure the system output. Nowadays, modern microcontrollers 

have high data processing capacity that enables the implementation of advanced control strategies in servomechanisms. For 

this reason, advanced control strategies such as sliding modes, neural networks, fuzzy logic, optimal control with delays, and 
those based on LMIs, output controllers based on observers, among others, can be efficiently implemented in control loops 

using small- and medium-scale microcontrollers (Cheng et al., 2024; Hu et al., 2024; Wang et al., 2024). In sliding mode 

control (SMC) of a servomechanism with an input voltage, the chattering effect negatively impacts the system performance 

(Shtessel et al., 2014; Utkin et al., 2020; Azar & Zhu, 2015). The SMC range includes various algorithms that can be 

categorized into five different generations. The first generation is the classical SMC. The next generation focuses on second-

order SMC. The third generation introduces SMC based on the Super-Twisting Algorithms. The fourth generation of SMC 

deals with Arbitrary Order SMC (in this one, the nested SMC concept was introduced). Continuous arbitrary order SMC are 

considered as the Fifth Generation (Yu & Efe., 2015). However, SMC has several distinctive features compared to other 
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robust control algorithms, one of which is its insensitivity to disturbances, a characteristic shared by most SMCs. Another 

important feature is the convergence of trajectories within a finite time achieved by employing terminal sliding mode (Cruz-

Ortiz et al., 2022). However, the main issue in SMC is the chattering effect that occurs on the control signal. This effect can 

significantly reduce the actuators’ lifespan or cause them to fail completely or degrade prematurely (Utkin & Lee., 2006). To 

reduce the magnitude of chattering effects, several algorithms have been suggested in the literature, however, completely 
mitigating it remains an open challenge. Using a first-order filter approximation instead of the sign function is a method to 

decrease the magnitude of chattering effects (Wang & Adeli., 2012). Nonetheless, this approach significantly diminishes the 

robustness of an SMC system. Another option is to use asymptotic sliding modes, but the effectiveness of this control may be 

compromised by the nature of the disturbances. On the other hand, using fuzzy algorithms can help reduce the magnitude of 

chattering, but it may lead to issues in the stability analysis of the closed-loop system (Lin et al., 2022; Hamzah et al., 2024; 

Yonezawa et al., 2025). 

Fuzzy theory integrated into a Sliding Mode Control (SMCFz) offers several important features. One of the main 

advantages of this hybrid control system is the decrease in chattering (Wang & Adeli., 2012; Wong et al., 2001; Prieto et 
al.,2017; Feng et al., 2022). To effectively reduce the chattering effect in the FSMC, a human expert must provide reasoning 

to the fuzzy inference system. For instance, in (Ertugrul & Kynay., 2000), the SMC parameters are adjusted using adaptation 

algorithms based on fuzzy logic. In (Wang & Fei., 2022), a controller is introduced that combines terminal sliding-mode 

control with a recurrent Chebyshev fuzzy neural network. This controller utilizes a self-evolving mechanism to adaptively 

update its dynamic structure by generating and adjusting fuzzy logic rules. In (Li & Zhai., 2024), a fuzzy logic system has 

been integrated into the adaptive super-twisting sliding mode controller to estimate and compensate for system uncertainties. 

Therefore, applying the FSMC to a specific system requires the expertise of a user. Moreover, developing a fuzzy inference 

system using expert knowledge can result in a diverse set of fuzzy rules, a wide range of membership functions, and other 

key characteristics of the system. The issue mentioned can pose a challenge when implementing fuzzy controllers in a real-

time control system. To reduce computational costs during implementation, algorithms such as Neuro-fuzzy systems have 

been developed (Li et al., 2020; Shaihi et al., 2023; Aydin & Yakut., 2023). The Adaptive Neuro-Fuzzy Inference System 
(ANFIS) is an algorithm that combines artificial neural networks and fuzzy logic to create a model capable of identifying a 

system based on its inputs and outputs (Yang et al., 2021; Asar et al., 2019; Yareshe et al., 2025). 

In this paper, a nested sliding surface approach based on neuro-fuzzy control (SMCFz), a method is presented for 

tuning controller parameters, which improve the position and velocity control of the servomechanism using a hybrid control 

law. Additionally, the control action should be designed in a way that does not cause undue stress on the actuator. To achieve 

this, a robust control scheme based on asymptotic SMC was initially designed to regulate the position and velocity of the 

servomechanism. The system being discussed is of third order and is related to servo position, velocity, and electrical current. 

Due to the relative degree of the servo system, the dynamics of a single sliding surface 𝜎 related to position and velocity 

cannot achieve regulation. This means that a high-order sliding mode controller is a key point for regulating the servo system. 

In this case, to achieve control action that ensures sliding motion control, a Sliding Mode Controller is used instead of a high-

order sliding mode controller. The second sliding surface takes into account the solution of the previous one. Additionally, to 

reduce the chattering effect caused by this control strategy, the gains of the nested SMC control are adjusted using an Adaptive 

Neuro-Fuzzy approach. This design is commonly referred to in the literature as nested sliding modes (Yu & Efe., 2015). 

Furthermore, to reduce the chattering effect caused by this control strategy, the control gains of the nested SMC are adjusted 

using an Adaptive Neuro-Fuzzy Inference System. 

The gain adjustment was designed by initially generating it through the position errors of the servomotor. Now, with 

experimental measurements of the nested SMC, using that gain adjustment, the values of minimum error were sought in order 

to use the if conditional, that is, if 𝑒 < 𝜖, then reduce the parameters 𝜆1, 𝜆2 which are  decay gain (5) and (6) and 𝜌 is a gain 

that mitigates the effects of uncertain dynamics and external disturbances (14). This technique will be referred to as SMCif. 

Although the magnitude of the chattering effect was reduced, its intensity could still potentially harm the actuator. 

Consequently, a gain adjustment was developed using the acquired knowledge and applied to fuzzy logic. The issue identified 

was the high computational cost, rendering its implementation impractical. Finally, by employing ANFIS-based algorithms, 
a robust control system was successfully developed. Nevertheless, a chattering effect occurs on the control signal, potentially 

resulting in a decrease in the DC motor’s lifespan. Therefore, it is important to reduce this effect on actuator. This leads to the 

effective adjustment of nested SMCFz gains, resulting in a significant reduction of the magnitude of chattering effect in the 

control signal. The key points of this paper are listed below:   

    • Nested sliding surfaces were designed in such a way that after sliding motion, the position and velocity of the 

servomechanism exhibit exponential behavior. As far as the authors are aware, the proposed nested sliding surface has not 

been reported in the literature to date.  

    • One of the contributions of this work is the integration of a heuristic if–then control structure, which constitutes 

the foundation of fuzzy control. This approach is further enhanced through the use of ANFIS, providing adaptive 

capabilities, and has been validated through experimental implementation.  
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    • A neuro-fuzzy scheme was designed to ensure a smooth transition of control gains across nested sliding 

surfaces.  

    • The proposed control method combines Nested Sliding Mode Control and neuro-fuzzy control (SMCFz) 

features to achieve adequate trajectory performance while reducing the magnitude of the chattering effect on the control 

signal.  

 Furthermore, a comparative study is being conducted between a PID control and the Nested-SMC with gain 

adjustment based on the servo position error (SMCif). The proposed control performance is tested under different position 

set-points of the servomechanism. Here, the performance analysis of the controller under consideration is carried out using 

common error criteria metrics, such as the Integral Square Error (ISE), Integral Time-weighted Square Error (ITSE), Integral 

Absolute Error (IAE), and Integral Time-weighted Absolute Error (ITAE). 

The paper outline is as follows: In Section 2, the dynamic model of the servomechanism, some sliding mode 

control preliminaries, and the problem statement are discussed. The development of SMC with nested surfaces for robust 

position and servomechanism velocity regulation is discussed in Section 3. Section 4 presents the design of intelligent 

control for adjusting nested control gains using a neuro-fuzzy scheme. The next section presents the experimental test of the 

proposed control algorithm, along with a comparative study with PID and SMC controllers. An error performance analysis 

is also included in this section. Finally, concluding remarks are presented in Section 5. 

 

2. Preliminaries and problem statement 
  

The servomechanism being discussed is a pendulum driven by a DC motor. The dynamic behavior of the DC motor is 

described by differential equations that account for the electrical and mechanical processes involved (Chapman, 2012). Fig. 

1 depicts the servomechanism under consideration. Table 1 describes the system components along with their 

characteristics.  

 

 

 

Fig.  1: Experimental environment for the servomechanism system. 

 

Table 1: Characteristics of the servomechanism system. 

Components Characteristics 

DC Motor 12VDC, 250W, 2650RPM, 1.5 A nominal. 

Sensor 10kΩ Precision Multi-turn Potentiometer. 

Microcontroller Arduino UNO 

Motor driver BTS7960H 

module 45V, 40A, Mosfet technology 
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  The mathematical model of the servomechanism is derived from Newton’s equations and Kirchhoff’s laws 

(Poznyak, 2021). As a result, the state space representation of the nonlinear system in a conventional form is: 

  

 
𝑥̇ = 𝑓(𝑥) + 𝐁𝑢,

𝑦 = 𝐂𝑥,    𝑥(0) = 𝑥0,
 (1) 

 

 where 𝑥 ∈ ℝ3 is the system state, and it deals with the angular position, angular velocity of the pendulum, and the armature 

current of the DC-motor as 𝑥1, 𝑥2, and 𝑥3 respectively. The control input is denoted as 𝑢 ⊂ 𝒰 ∈ ℝ and it is refers to the 

armature voltage of the DC-motor. The nonlinear function associated to the system dynamics is represented as 𝑓: ℝ3 → ℝ3, 

and it is assumed that 𝑓(0) = 0. The vector 𝐁 ∈ ℝ3 is called the control vector, and the system output is given by the 

measurement of position of the servomechanism. In this way, the state representation of the servomechanism is expressed as: 

  

 

𝑥̇ = [
𝑥̇1

𝑥̇2

𝑥̇3

] , 𝑓(𝑥) = [

𝑥2
𝑔

𝑙
sin(𝑥1) −

𝐵

𝑚𝑙
𝑥2 +

𝑘𝑖

𝑚𝑙
𝑥3

−
𝑘𝑏

𝐿𝑎
𝑥2 −

𝑅𝑎

𝐿𝑎
𝑥3

] ,

𝐁 = [

0
0
1

𝐿𝑎

] , 𝐂 = [1 0 0].

 (2) 

 

The parameters of the servomechanism are given in the Table 2. Notice that in the considered system, the armature current of 

the DC-motor is not available to be measured, however, for control design purposes, the current 𝑥3 consumed by the DC 

motor is constrained as ∥ 𝑥3 ∥≤ 𝛾 = 1.5  𝐴. This bound is determined based on the nominal current value specified in the 
motor’s datasheet. The control problem for this system deals with regulating the position and velocity of the pendulum, where 

the control input excitation is a DC voltage 

 

Table 2: Engine parameter coefficients 

Variable Descriptions Value Units 

𝐵 Friction coefficient 0.1 
𝑁 ⋅ 𝑚

𝑅𝑎𝑑
 

𝑔 Gravitational acceleration 9.81 
𝑚

𝑠2
 

𝑘𝑖 Motor sensitivity constant 0.01 
𝑁 ⋅ 𝑚

𝐴
 

𝑘𝑏 Back EMF constant 0.01 
𝑉 ⋅ 𝑠

𝑟𝑎𝑑
 

𝑙 Length of the pendulum 0.4 𝑚 

𝐿𝑎 Armature inductance 0.05 𝐻 

𝑚 Mass of the pendulum 0.3 𝐾𝑔 

𝑅𝑎 Armature resistance 2 Ω 

 

  To regulate the servomotor at different setpoints, the control design for the regulation problem based on the system’s 

linear model needs to be designed for each setpoint. Hence, it is believed that a control design based on the nonlinear model 
is feasible. Since the dynamic system involves uncertain but bounded dynamics, such as the system’s current, designing a 

robust control based on Sliding Mode Control is appropriate. On the other hand, since the system has a relative degree of 3, 

the design of an SMC needs to be of a higher-order SMC type. The magnitude of the chattering effect needs to be minimized 

to prevent damage to the actuator. So, the problem can be stated as follows. 

Problem description: Our current challenge involves designing a high-order SMC (in this case, nested-SMC) to 

regulate the angular position and velocity at various set-points in the presence of uncertain dynamics of the servomechanical 
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system. To this end, in this paper, the trajectory error is considered as, 𝑒 = 𝑥 − 𝑥𝑑  where 𝑥𝑑  deals with the wanted set-point  

of the state 𝑥, i.e.   

 𝑒1 = 𝑥1 − 𝑥1
𝑑 , 𝑒2 = 𝑥2 − 𝑥2

𝑑 , 𝑒3 = 𝑥3 − 𝑥3
𝑑 . (3) 

 

 where 𝑥1
𝑑  denotes the desired pendulum position, 𝑥2

𝑑  the desired pendulum angular velocity, and 𝑥3
𝑑  the desired armature 

electric current. Since the current is assumed to be unavailable for measurement, the error term 𝑒3 is not considered in the 

design of the sliding surface. Accordingly, the problem statement focuses on the following relationship:  

 

 lim
𝑡→∞

𝑒1 = 0,   lim
𝑡→∞

𝑒2 = 0. (4) 

 

 Thus, the control scheme must be applicable under any initial condition. In addition, an intelligent reasoning system based 

on ANFIS is introduced to reduce the chattering effect magnitude on the actuator. The trajectories are expected to converge 

exponentially. In the following section, a control system is developed using the nested surfaces technique within SMC.  

 

3. Design a nested sliding surface control for Sliding Mode Control (SMC) 

 

The issue arises from the robust regulation of the position and angular velocity of the pendulum, where 𝑥2 = 𝑥̇1. 

Now, consider a conventional asymptotic sliding surface:  

 

 𝜎 = 𝑒2 + 𝜆1𝑒1,        𝜆1(𝑡) = 𝜆1    𝜆1 > 0. (5) 

 

 with 𝜆1 is a decay gain. If the sliding motion occurs in time 𝑡 ≤ 𝑇1 , then the angular position and velocity converge 

exponential form, see for instance (Levant, 2003; Fridman et al., 2015; Shtessel et al., 2014). The previous statement pertains 

to regulating the position and velocity of the pendulum. However, the dynamics of this surface do not involve the control 

input 𝑢, then the sliding motion is compromised. In this sense, propose another sliding mode surface that depends on the 

previous one, as follows:  

 

 𝛿 = 𝜎̇ + 𝜆2𝜎,        𝜆2(𝑡) = 𝜆2    𝜆2 > 0. (6) 

 

 The concept of nested equations in sliding modes is discussed in  (Huerta-Avila et al., 2007; Miranda-Villatoro et al., 2017). 

The concept of nesting is interpreted in different  ways, like repeating the same equation 𝑛 times. For instance, in asymptotic 

SMC, a sliding surface relies on an error function to produce a desired solution where 𝜎̇ = 𝑒̇2 + 𝜆1𝑒̇1 and 𝜎̈ = 𝑒̈2 + 𝜆1𝑒̈1. 

Furthermore, in (Samo et al., 2020; Kang et al.,2025), the authors use integrals to derive the equation 𝜎 = 𝑒 − ∫
𝑡

0
𝜆𝑒𝑑𝜏. By 

differentiating twice, they arrive at the expressions 𝜎̇ = 𝑒̇ − 𝜆𝑒, 𝜎̈ = 𝑒̈ − 𝜆𝑒̇. In contrast, this work involves two equations of 

the sliding surfaces (5) and (6), resulting in a complete differential equation. Furthermore, it includes two associated 

parameters, 𝜆1 and 𝜆2, in an equation of the form 𝛿̇ = 𝑒̈2 + 𝑒̇2(𝜆1 + 𝜆2) + 𝑒2𝜆1. This concept is associated with a nested 

surface. 

So, consider the temporal derivative of the sliding surfaces (5) and (6) along the trajectories of the system (1)-(2), 

next statement is obtained:  

 𝜎̇ = 𝑒̇2 + 𝜆1𝑒2 + 𝜆̇1𝑒1 (7) 

 

 where 𝑒2 = 𝑥2 − 𝑥2
𝑑 , and 𝑒̇2 = 𝑥̇2, from the state variable, we obtain:  

 

 𝑒̇2 =
𝑔

𝑙
sin(𝑥1) −

𝐵

𝑚𝑙
𝑥2 +

𝑘𝑖

𝑚𝑙
𝑥3, 

rewriting (7) with the system dynamics yields 

 𝜎̇ =
𝑔

𝑙
sin(𝑥1) −

𝐵

𝑚𝑙
𝑥2 +

𝑘𝑖

𝑚𝑙
𝑥3 + 𝜆1𝑥2 + 𝜆̇1𝑥1, 
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in the same way that is derived (6)  

 𝛿̇ = 𝜎̈ + 𝜆2𝜎̇, (8) 

 substituting (7) into (8)  

  𝛿̇ = 𝑒̈2 + 𝑒̇2(𝜆1 + 𝜆2) + 𝑒2(2𝜆̇1 + 𝜆̇2 + 𝜆1𝜆2) + 𝑒1(𝜆̈1 + 𝜆1𝜆̇2 + 𝜆2𝜆̇1).  (9) 

 

 Since 𝜆1 and 𝜆2 are smooth functions, it is said that 𝜆̇1 and 𝜆̇2 are bounded, 2𝜆̇1 + 𝜆̇2 = 𝜑 and 𝜆̈1 + 𝜆1𝜆̇2 + 𝜆2𝜆̇1 = 𝜉, 

rewriting  

 

 𝛿̇ = 𝑒̈2 + 𝑒̇2(𝜆1 + 𝜆2) + 𝑒2(𝜑 + 𝜆1𝜆2) + 𝑒1𝜉 (10) 

  

 𝛿̇ = 𝑥̈2 + 𝑥̇2(𝜆1 + 𝜆2) + 𝑥2(𝜑 + 𝜆1𝜆2) + 𝑥1𝜉 

 

 

𝛿̇ =
𝑔

𝑙
cos(𝑥1) −

𝐵

𝑚𝑙
𝑥̇2 +

𝑘𝑖𝐾𝑏

𝑚𝑙𝐿𝑎
𝑥2 −

𝑘𝑖𝑅𝑎

𝑚𝑙𝐿𝑎
𝑥3 +

𝑘𝑖

𝑚𝑙𝐿𝑎
𝑢 + (𝜆1 + 𝜆2)(

𝑔

𝑙
sin(𝑥1)) −

𝐵

𝑚𝑙
𝑥2 −

𝑘𝑖

𝑚𝑙
𝑥3 + 𝑥2(𝜑 + 𝜆1𝜆2) + 𝑥1𝜉.

 (11) 

 

 By considering the control action in the form 𝑢 = 𝑢1 + 𝑢2, where 𝑢1 represents the control in sliding modes and 𝑢2 is an 

equivalent control in the form  

 

𝑢1 = −
𝑚𝑙𝐿𝑎

𝑘𝑖
𝜌sign(𝛿),

𝑢2 = −
𝑚𝑙𝐿𝑎

𝑘𝑖
[

𝑔

𝑙
cos (𝑥1) −

𝐵

𝑚𝑙
𝑥̇2 +

𝑘𝑖𝐾𝑏

𝑚𝑙𝐿𝑎
𝑥2 −

𝑘𝑖𝑅𝑎

𝑚𝑙𝐿𝑎
𝑥3 + (𝜆1 + 𝜆2)(

𝑔

𝑙
sin (𝑥1) −

𝐵

𝑚𝑙
𝑥2 −

𝑘𝑖

𝑚𝑙
𝑥3 + 𝑥2(𝜑 + 𝜆1𝜆2) + 𝑥1𝜉],

 (12) 

 with  

 sign(𝛿) =
|𝛿|

𝛿
= {

𝜌 𝛿 > 0
−𝜌 𝛿 < 0
(−𝜌, 𝜌) 𝛿 = 0

 (13) 

 applying the control law (12) in (11), can be rewritten as  

 

 𝛿̇ = 𝜌sign(𝛿). (14) 

 However, since 𝑥3 is not available in a measurable form and is proposed to be bounded due to the motor's physical parameters, 

this is considered negligible. Therefore, the control 𝑢2 and the gain 𝜌 are selected as:  

  

𝑢2 = −
𝑚𝑙𝐿𝑎

𝑘𝑖

 [
𝑔

𝑙
cos(𝑥1) −

𝐵

𝑚𝑙
𝑥2̇ +

𝑘𝑖𝑘𝑏 

𝑚𝑙𝐿𝑎

𝑥2 + (𝜆1 + 𝜆2) (
𝑔

𝑙
sin(𝑥1)) −

𝐵

𝑚𝑙
 𝑥2 + 𝑥2 (𝜑 + 𝜆1 𝜆2 ) + 𝑥1 𝜉] 

 (15) 

The parameter 𝜌 is a gain that mitigates the effects of uncertain dynamics and external disturbances. And 𝛿̇ ≤
𝜌sign(𝛿). 
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𝜌 =
𝑚𝑙𝐿𝑎

𝑘𝑖

[
𝑘𝑖𝑅𝑎

𝑚𝑙𝐿𝑎

−
𝑘𝑖

𝑚𝑙
] 𝛾 = 2.98. 

 

Consequently, the magnitude of 𝜌 directly influences the amplitude of the chattering produced on the control signal. 

It should be noted that the control action is defined in (14). To further analyze system stability, introduce the following 

Lyapunov energy function. (Polyakov & Fridman., 2014):  

 𝑉(𝛿) =
1

2
𝛿2, (16) 

 to ensure convergence within a finite time, consider 𝜌 − 𝜖 = 𝛼 if 𝛼 > 0 ⇒ 𝜌 = 𝛼 + 𝜖, to 𝜖 ≪ 1. The time variations of this 

function along the trajectories (14) yields  

 𝑉̇(𝛿) = 𝛿𝛿̇ ≤ −𝛼𝛿sign(𝛿) = −𝜌𝛿
|𝛿|

𝛿
≤ −𝛼|𝛿|, (17) 

 

 it is important to note that |𝛿| = √𝛿2, then (17) is obtained as, 

  

 𝑉̇(𝛿) ≤ −𝜌√2𝑉
1

2(𝛿). (18) 

 

 The worst case of previous differential inequality is given by  

 

 
𝑑

𝑑𝑡
𝑉(𝛿) = −𝛼√2𝑉

1

2(𝛿) (19) 

 

 the solution of the previous differential equation in time 𝜏 ∈ [𝑡0, 𝑡] yields:  

 𝑉(𝛿)−
1

2𝑑𝑉(𝛿) = −𝛼√2𝑑𝑡 

 

 ∫
𝑡

𝑡0
𝑉(𝛿)−

1

2
𝑑

𝑑𝜏
𝑉(𝛿)𝑑𝜏 = −𝛼√2 ∫

𝑡

𝑡0
𝑑𝜏 

 

 2𝑉(𝛿)
1

2|𝑡0
𝑡 = −𝛼√2𝜏|𝑡0

𝑡 , 

 

which means that the solution is given by next statement  

 

 𝑉
1

2(𝛿(𝑡)) = 𝑉
1

2(𝛿0) − 𝛼
1

√2
(𝑡 − 𝑡0). (20) 

 

 So, from the comparison lemma, if previous solution is fulfilled, the next statement holds  

 

 𝑉
1

2(𝛿) ≤ 𝑉
1

2(𝛿0) −
𝛼

√2
(𝑡 − 𝑡0), 

 

and for the worst case, the convergence to reach zero at  

 0 = 𝑉
1

2(𝛿0) −
𝛼

√2
(𝑡 − 𝑡0), 

Finally, the sliding motion occurs in time  

 𝑡 ∈ [𝑡,
√2

𝛼
𝑉

1

2(𝑥0) + 𝑡0]. (21) 
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The sliding surface 𝛿 converges to zero. Therefore, the next statement holds.  

 

 𝜎̇ = −𝜆2𝜎𝜎(𝑡) = 𝜎0𝑒−𝜆2(𝑡−𝑇1). (22) 

 

 It is observed that the sliding surface converges to zero in finite time, as shown in the analysis using the first Lyapunov 

method (Khalil, 2004). The time constant for the stepped convergence is defined as 𝑇 = 𝜆2
−1. By considering ten time 

constants in the decreasing exponential, the response reaches 99.99% of the final value. So after time 𝑇2 = 𝑇1 + 10 × 𝑇, it is 

considered that the sliding motion 𝜎 = 0 is fulfilled. This means that after time 𝑇2, the next statement holds:  

 

 𝑒̇1 = −𝜆1𝑒1. (23) 

 

As shown in equation (22), in this case, the angular position error exponentially converges to zero. The same applies 

to the angular velocity error. This implies that exponential stability is achieved for the position and angular velocity of the 

servomechanism. However, due to the form of the control signal 𝑢1, there is no guarantee that chattering in its magnitude will 

be reduced. Based on the information provided and to the best of the author’s knowledge, the magnitude of chattering in the 

control signal after sliding motion depends on the gain 𝜌 of the sliding mode control 𝑢1. Furthermore, the trajectories 

performance depends on the values of 𝜆1 and 𝜆2, which represent the gains of the sliding surfaces designed in the robust 

control. Notice that 𝜆1 represents the convergence rate when the corresponding sliding surface is zero, resulting in the position 

error trajectory exhibiting exponential decay. Similarly, 𝜆2 influences the convergence of the sliding surface associated with 

𝜆1, which also leads to trajectories with exponential decay. Within the proposed control scheme, the gain 𝜌 plays a crucial 
role in mitigating the effects of disturbances and uncertain dynamics. As established in sliding mode theory, the magnitude 

of 𝜌 directly affects both the control action and the resulting chattering phenomenon. By adjusting 𝜌 as 𝛿 → 0, the magnitude 

of the chattering can be effectively reduced. 

The aggregate dynamic uncertainty ∆𝑓(𝑥, 𝑡) and the unmodeled external disturbances d(t) are bounded such that 
‖∆𝑓(𝑡, 𝑥) + 𝑑(𝑡)‖ ≤ 𝐷𝑚𝑎𝑥, where 𝐷𝑚𝑎𝑥 > 0 is a known or estimable constant. This was obtained by considering the worst-
case motor voltage scenario (see Table 1), which also includes friction coefficients, changes in load torque, and maximum 

expected disturbances during experimental operation. 

 

Assumption 1: The overall uncertainty term 𝛿(𝑥, 𝑡), which includes parametric variations and unmodeled disturbances, is 

bounded by a positive constant 𝐷𝑚𝑎𝑥, such that  ‖∆𝑓(𝑡, 𝑥) + 𝑑(𝑡)‖ ≤ 𝐷𝑚𝑎𝑥 < ∞. Based on the maximum motor torque limits 

(see Table 1),  𝐷𝑚𝑎𝑥, was proposed to be 200. Consequently, the control switching gain was selected as having a range $\rho 

< 200$, strictly satisfying the reachability condition during experimental testing. 

  

Therefore, the proposed approach suggests tuning this gain through an error-dependent function, guided by expert 

knowledge. This serves as motivation to adjust control gains using intelligent control tools such as ANFIS. In this way, a 

feedback control system is proposed, as depicted in Fig. 2. 

 

 

Fig.  2: Proposed block diagram. 

   After designing the control system using nested surfaces, it is suggested to adjust the parameters based on the error 

using the Fuzzy approach.  
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3 Nested SMC control design, tuning the parameters with fuzzy logic (SMCFz) 

  

The aim of this section is to reduce the magnitude of the chattering effects and enhance convergence towards the desired set-

point by intelligently adjusting parameters  𝜆1, 𝜆2, and 𝜌 in equations (5), (6), and (12) when the system is in sliding motion. 
During the sliding motion, a chattering effect occurs, and its reduction depends on the coefficient associated with the sign 

function in the sliding control. Assigning a high gain 𝜌 increases the chattering amplitude. To mitigate this effect, it is 

suggested to adjust the gain 𝜌 using fuzzy control, based on the magnitude of the position error. A small position error results 

in a small gain 𝜌, which helps reduce the amplitude of chattering. This can be confirmed through a stability test that assumes 

the presence of disturbances or dynamic uncertainties, thereby considering the worst-case scenario. In the absence of such 

perturbations or uncertainties, there is no need for 𝜌 to have a high magnitude. When 0 < 𝜌 ≪ 1, the magnitude of chattering 

is significantly reduced. This behavior can be observed in the stability test by removing the constraint and assuming that 𝛼 =
𝜖.  A switching procedure based on conditional if-then rules type Takagi-Sugeno is proposed to generate an inference based 

on heuristic knowledge. The proposed control scheme is depicted in Fig. 3. In order to gain a deeper understanding, several 

experiments were conducted on the system. One of them involved programming a simple conditional statement (if) simple 

conditional statement, for decision-making in the control strategy and to obtain the SMCif tuning parameters shown in Table 

3.  

Table  3: Parameters Tuned with the error conditional, (SMCif) 𝜖 = 0.039. 

   error 𝝆 𝝀𝟏 𝝀𝟐 

𝑒 > 𝜖 20 1 20 

𝑒 ≤ 𝜖 1 0.5 1 

 

   

This helped to understand the chaotic behaviour of the system, which led to the development of three fuzzy models with 5 

rules each. Table 5 shows the parameters of the premises with Gaussian membership functions and zero-order consequent. 

 

 

Figure  3: Expert system for optimization of parameters SMCFz.  

   

The parameters of the assumptions are displayed using Gaussian membership functions and a zero-order consequent. 

human expertise from the SMCif experiment was utilized to establish the suitable parameters for a model with fuzzy rules. 

As the model will be tested in real-time, it is important to reduce the number of controller parameters. The expert’s initial 
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proposal, which included 5 rules, was optimized to 3 rules. Table 6 depicts the improved parameters for a comparable fuzzy 

system response achieved through the ANFIS algorithm (Jang, 1993).   

 

Table  4: Parameters for learning in Fuzzy ANFIS 

Generate FIS… Train FIS 

INPUT Optim. Method Hybrid 

Number of MFs 3 Error Tolerance 0.01 

MF Type Gaussmf Epochs: 50 

OUTPUT   

MF Type constant   

 

 

 In the ANFIS interface of Matlab, a learning phase is conducted using the data presented in Table 4 together with 

input‑output  experimental measurements for each of the three parameters: [𝑒, 𝜌], [𝑒, 𝜆1], and [𝑒, 𝜆2]. These pairs are derived 

from multiple experiments conducted with the conditional SMCif. They led to an enhanced fuzzy model consisting of 3 rules, 

which reduced the number of parameters defined in the fuzzy models. The functions being considered in the design are a type 

of normal fuzzy set within the universe of discourse in the Gaussian membership form: 

 

 𝑓(𝑒, 𝜙𝑖 , 𝑐𝑖) = 𝑒𝑥𝑝 (
𝑒−𝑐𝑖

√2𝜙𝑖
)

2

, (24) 

 

 where 𝑐𝑖 and 𝜙𝑖, are the centroid and the dispersion of the 𝑖 − 𝑡ℎ membership function, with 𝑖 = 1, ⋯ , 𝑅 rules and 𝑒 is the 

input variable. In Equation (24), the variable 𝑒 represents the position error of the system in closed-loop control. During the 

tuning phase by the human expert, five linguistic categories are proposed to define the error 𝑒: a large positive error (𝑒𝐿𝑃), a 

large negative error (𝑒𝐿𝑁), a small positive error (𝑒𝑆𝑃), a small negative error (𝑒𝑆𝑁), and zero error (𝑒𝐶). To automatically 

adjust each parameter 𝜆1, 𝜆2, and 𝜌, five zero-order Sugeno fuzzy rules were proposed in Equation (25).  

 

 𝑅𝑖: 𝐼𝑓 𝑒(𝑘) 𝑖𝑠 𝐴𝑖 , 𝑡ℎ𝑒𝑛 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 = 𝑆𝑖 . (25) 

   

Table  5: Parameter vectors from human expertise.  

  Parameter premises consequents 

𝑖 = 1, . . . ,5 𝑐𝑖 𝜙𝑖 𝑆𝑖 

𝜆1 [-6.14 -1 0 1 6.14] [2 0.5 0.1 0.5 2] [200 20 1 20 200] 

𝜆2 [-6.14 -1 0 1 6.14] [2 0.5 0.1 0.5 2] [250 20 1 20 250] 

𝜌 [-6.14 -1 0 1 6.14] [2 0.5 0.1 0.5 2] [5000 20 2 20 5000] 

 

Table  6: Parameter vectors from ANFIS. 

  Parameter premises consequent 

𝑖 = 1, . . . ,3 𝑐𝑖 𝜙𝑖 𝑆𝑖 

𝜆1 [-4 0 4] [1.699 0.699 1.699] [700 3.99 700] 

𝜆2 [-4 0 4] [1.699 0.699 1.699] [100 1 100] 

𝜌 [-4 0 4] [1.699 0.699 1.699] [150 1 150] 

 

  

To obtain the output of each Parameter(𝜆1, 𝜆2, and 𝜌), next weighted averages on the defuzzification procedure were 

used  
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 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 =
∑𝑅

𝑖=1 𝜇𝐴𝑖
(𝑒(𝑘))𝑆𝑖

∑𝑅
𝑖=1 𝜇𝐴𝑖

(𝑒(𝑘))
. (26) 

 

4. Experimental results 

 The servomechanism comprises a microcontroller, an H-bridge, a variable electric-resistor as a motor shaft position 

sensor, and a motor linked to a pendulum mechanically. After placing the three control programs PID, SMCif, SMCFz, and 

SMCFz ANFIS inside the microcontroller, the execution time was measured using the “millis()” instruction. The times 

obtained were 7.8 ms, 7.3 ms, 12.3 ms, and 8.4 ms, respectively. Observe a decrease in execution time in the hybrid SMCFz 

control when tuned with ANFIS. It is worth mentioning that the ANFIS training was conducted offline in MATLAB. Next, a 

comparative study was conducted on three different control methods (PID, SMCif, and SMCFz) tested in the servomechanism. 

The inclusion of the Ziegler–Nichols tuned PID controller is motivated by its widespread use in industrial applications. 
Although such comparisons may appear limited, evaluating different control strategies can provide valuable insights when 

selecting the most appropriate approach for a given plant. To ensure fairness in the comparative analysis, the proposed SMCFz 

was also benchmarked against its conditional counterpart. 

 

4.1 Control PID 

 The PID controller  

 𝑢(𝑡) = 𝑘𝑝𝑒(𝑡) + 𝑘𝑖 ∫ 𝑒(𝑡)𝑑𝑡 + 𝑘𝑑
𝑑𝑒(𝑡)

𝑑𝑡
, (27) 

 

 was implemented in the microcontroller. This scheme was discretized using the Euler method approximation (Franklin et al., 

1998), 

  

 𝑢[𝑘] = 𝑢[𝑘 − 1] + (𝐾𝑝 + 𝑇𝑠𝐾𝑖 + 𝐾𝑑/𝑇𝑠)𝑒𝑘 − (𝐾𝑝 + (2𝐾𝑑)/𝑇𝑠)𝑒[𝑘 − 1] + (𝐾𝑑/𝑇𝑠)𝑒[𝑘 − 2].  

 

 During the experiments, a sampling time of Ts = 0.01 seconds was used. The parameters 𝑘𝑝, 𝑘𝑖, and 𝑘𝑑 represent the 

proportional, integral, and derivative constants, respectively. These values were determined using the first Ziegler-Nichols 

closed-loop method (Sekara et al., 2010). The obtained values are: 𝑘𝑝 = 1551, 𝑘𝑖 = 13.5, and 𝑘𝑑 = 0.1. The initial condition 

is 𝑥1(0) = 𝜋/2 radians, and the desired position is 0 radians. Three experiments were conducted with different control set-

points at 0, 0.2, and 0.4 radians (0, 11.5, and 23 degrees), respectively. It is worth mentioning that the PID control algorithm 

was tuned using the Ziegler-Nichols method with additional fine-tuning. This does not imply that there is a specific set of 

control gains for the PID that guarantee superior performance. 

 

4.2 Nested Sliding Mode Control with conditional (SMCif) 

 

As mentioned in the problem statement, sliding mode control is a technique used to achieve robust control. However, 

the challenge lies in addressing issues related to energy consumption and wear of actuators, i.e. reduce the magnitude of the 

chattering effect. First, the coefficients 𝜆1, 𝜆2, and 𝜌 in equations (5), (6), and (12) were initially proposed heuristically in the 

simulation. By carrying out a variety of experiments, the values were refined to effectively control the servomechanism. 

Various experiments were carried out on a real servomechanism system,  where parameters were adjusted based on the 

response and reduced when the error approached zero. For instance, placing the controlled variable near the set-point greatly 

reduces the magnitude of the chattering, allowing its value to be adjusted according to a condition.  

 

 
𝐼𝑓𝑒(𝑘) > 0.039, then 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 = constant big,

𝐼𝑓𝑒(𝑘) ≤ 0.039, then 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 = constant small.
 (29) 

 

 In practice, the parameters were determined based on Table 3. 
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4.3 Robust control, Nested Sliding Mode Control Fuzzy (SMCFz) 

 

In this case, a fuzzy inference system was developed to adjust the parameters 𝜆1, 𝜆2, and 𝜌. The control error is the linguistic 

variable which requires the inference and defuzzification process to be carried out at each sampling time. The SMCif serves 
as the foundation for enhancing the obtained results through the use of intelligent adaptive neuro-fuzzy control. This allows 

for the necessary expertise to manually adjust the coefficients 𝑐𝑖, 𝜙𝑖 and 𝑆𝑖 during programming on the microcontroller. 

Additionally, it is important to compare the two methods of tuning constants using fuzzy logic. 

 

Fig.  4: Curves of parameters learned by the expert and ANFIS 𝜌, 𝜆1, 𝜆2 and (𝜌, 𝜆1 and 𝜆2) optimal, respectively. 

 

The first method involves incorporating human experience by defining 5 rule bases and 5 membership functions. The results 

are depicted by the red line in Fig. 4, which shows graphs for 𝜌, 𝜆1, and 𝜆2. The second graph was created using Matlab’s 

ANFIS tool. The number of rules was reduced, as shown by the blue line in Fig. 4, which represents the variables 𝜌𝑜𝑝, 𝜆1𝑜𝑝, 

and 𝜆2𝑜𝑝. Optimizing the number of rules and their corresponding membership functions helps the SMC control parameters 

maintain robustness as they approach zero asymptotically. It is important to note that the constants 𝜌, 𝜆1, and 𝜆2 can be 

reduced by adjusting the dispersion or width of the Gaussian function. This will help reduce noise as the system reaches the 

desired reference, due to the natural effect of chattering. In practice, the constants behaved asymptotically as depicted in Fig. 

8, resembling the optimization graphs in Fig. 4.  

 

 

4.4 Numerical test 

This section presents the results derived from the proposed control scheme. All results in this section are related to the 

experimental platform exposed in Figure 1, with the system parameters indicated in Table 1.  The results presented in Figures 

5, 6, 7, and 8 are derived from numerous real experiments conducted under various conditions, including changes in the input 

voltage of a DC motor and adjustments to the initial states, among other factors. The results obtained are highly consistent 

with those reported. The initial conditions for all experiments are 𝑥1(0) = 𝜋/2, 𝑥2(0) = 0, and 𝑥3(0) = 0, which represent 

the initial position, the initial angular velocity of the pendulum, and the initial electrical current of the motor, respectively. 

The experimental results are shown in Figures 5-7. The red line represents the PID, the magenta line represents the SMCif, 

and the blue line represents the SMCFz. Fig. 5 shows the results of the servomechanism with a setpoint of 0 radians, Fig. 6 

illustrates the experiment when the setpoint is at 0.2, while Fig. 7 presents the test when the setpoint is at 0.4 radians.  
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Fig.  5: Pendulum position error and control signal with set-point at 0 rad. 

 

In all three cases analyzed, it is clear that the angular position of the servomechanism under SMCFz control shows improved 

performance, such as reduced settling time, along with other parameters listed in  Table 7. In fact, SMCFz settles in less than 

4 seconds. Furthermore, it is visually apparent that the generated control signal consumes less energy compared to the other 

control actions. The second-best performing controller is the SMCif, while the PID controller still exhibits lower performance. 

The above is supported by a steady-state error analysis with a 2% criterion and an energy analysis of the control signal, as 

shown in Table 7.  Furthermore, it can also be observed that in terms of RMS error, the control that performs best is SMCFz, 

where the magnitude of this error is much lower than in the other algorithms.  Chattering Mitigation: While the conventional 

SMC displayed significant chattering (high), the proposed implementation in the SMCFz effectively reduced these high-
frequency oscillations (reduced). Although the PID controller does not exhibit chatter (no), its slow response speed and higher 

error justify adopting the SMCFz hybrid scheme as the optimal solution for robust plant control. 

 

 

Fig.  6: Numerical results of the servomechanism with set-point at 0.2 rad. 



Samperio Vázquez et al.  / International Journal of Combinatorial Optimization Problems and Informatics, 18(1) 2027, 401-417. 

 

414 

 

 

Fig.  7: Servomechanism numerical test at set-point in 0.4 rad. 

   

Table  7: Comparative study for considered controllers. 

 PID SMCif SMCFz 

Reference (rad) 0  0.2 0.4 0 0.2 0.4 0 0.2 0.4 

𝑒𝑠𝑠 (rad)  0  0.1 0.05 0 0.04 0.1 0.01 0.02 0.03 

𝑒𝑟𝑚𝑠  0.51 0.6 0.37 0.61 0.75 0.51 0.35 0.34 0.36 

𝑡𝑠(s)  5.2  19 14 8.5 10 5 1.8 2.5 4 

Energy= lim
𝑇−∞

1

𝑇
∫ 𝑢2𝑇

0
𝑑𝑡  (𝑣2𝑠)  600 800 300 1500 1900 1300 120 90 180 

Chattering effect  no  no no high high  high  reduced reduced reduced 

 

 On the other hand, to achieve the best trajectory performance, it is important to consider error criteria such as ISE, 

IAE, ITSE, and ITAE. The analysis presented in Table 8 supports this statement. 

 

Table  8: Error-integral performance indexes 

𝒙𝟏(𝟎) = 𝝅/𝟐 PID SMCif SMCFz 

Reference (rad) 0 0.2 0.4 0 0.2 0.4 0 0.2 0.4 

ISE 157 217 83 225 33 157 124 70 77 

IAE 186 274 144 196 385 193 89 61 98 

ITSE 10k 24k 6k 11k 56k 12k 2.7k 1.2k 2.7k 

ITAE 24k 55k 22k 19k 91k 25k 3.3k 3.1k 8.2k 

 

  The algorithm, based on ANFIS, generates the adjustment parameters 𝜌, 𝜆1, and 𝜆2. These parameters gradually 
decrease using Gaussian-type membership functions until they reach a constant value as the angular position error of the 

servomechanism arrives at zero. The effect of parameter adjustment is depicted for the three cases in Fig. 8.  
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Figure  8: Parameter adjustment 𝜌, 𝜆1(t), 𝜆2(𝑡) for the SMCFz. 

   

 

5 Conclusions 

 

This paper presents the design of a robust intelligent control system that can handle external disturbances and dynamic 

uncertainties. To achieve this, a method was developed using nested sliding surfaces with neurofuzzy adaptation of control 

gains. This method allowed for maintaining robust characteristics without putting strain on the actuators. Furthermore, it 

allows for improved response and stabilization. Similarly, using ANFIS for tuning allows for a smooth adjustment of the 

parameters 𝜌, 𝜆1, and 𝜆2 based on the error signal of angular position, which contributes to reduce the magnitude of the 

chattering effect in the control signal. This control system was successfully implemented in a servomechanism to regulate its 

position and speed through a voltage signal, which indicates considerable feasibility for implementing this methodology in 
various industrial processes. The effectiveness of the designed controller was first evaluated in a comparative study against 

PID controllers and conditional fuzzy controllers, demonstrating significant improvements in the error criteria ISE, IAE, 

ITSE, and ITAE. Moreover, the proposed control scheme exhibited enhanced performance in terms of settling time under a 

2% criterion, as well as reduced energy consumption. While comparisons with more robust control strategies, such as higher-

order sliding mode control or the super-twisting algorithm, are important, these will be addressed in future research. 
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