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Abstract. This paper presents a disturbance observer—based model predictive control = Article information
strategy for the position control of a twin rotor multiple-input multiple-output Received: Jun 19, 2026
(MIMO) system (TRMS). The no+nlinear dynamics of the TRMS are first rewritten | Accepted: Aug 01, 2026
as an uncertain linear time-invariant (LTI) system with additive disturbances. An

extended state observer (ESO) is then designed to estimate both the system states and

the lumped disturbance term. Using these estimates, a composite model predictive

control law is formulated to achieve robust tracking performance of the desired

TRMS positions. Simulation results demonstrate the effectiveness of the proposed

control scheme.

Keywords: Disturbance Observer, Model Predictive Control, Twin Rotor.

1 Introduction

In recent times, unmanned aerial vehicles (UAV) have attracted significant attention from the control research community.
From a control perspective, UAVs present significant challenges. The dynamics of UAVs are nonlinear and exhibit strong
coupling between translational and rotational motions. Moreover, UAVs are affected by internal and external disturbances.
Among UAVs, the twin rotor MIMO system (TRMS) is a platform that emulates a helicopter and is a classical benchmark
for the development of several control schemes.

The TRMS is a two-degree-of-freedom system in which the yaw and pitch movements are driven by two independent rotors.
The front (main) rotor generates the pitch motion, while the tail rotor produces the yaw motion, resulting in a nonlinear and
strongly coupled MIMO system (Juang et al., 2008). Since the TRMS exhibits aerodynamic nonlinearities, gravitational
effects, actuator saturation, and internal coupling between the two axes, it provides a challenging platform for control design.

Several control strategies have been proposed for the TRMS, including PID control (Juang et al., 2008a; Juang et al., 2008b),
fuzzy control (Zeghlache et al., 2022), sliding mode control (Palepogu & Mahapatra, 2024; Rashad et al., 2017), backstepping
control (Panda et al., 2020), optimal control (Vrazhevsky et al., 2022; Shah et al., 2023), and model predictive control (MPC)
(Ebirim et al., 2023; Rahideh & Hasan Shaheed, 2011; Raghavan & Thomas, 2020; Zhao et al., 2026).

Among these control strategies, MPC has become particularly attractive for UAVs. Unlike nonlinear controllers, MPC
explicitly handles multivariable systems, actuator constraints, and prediction of future behavior through an optimization-based
control approach. For instance, (Ebirim et al., 2023) propose a constrained MPC with integral action. This method guarantees
zero steady-state error and accurate reference tracking. In (Rahideh & Hasan Shaheed, 2011), a stable MPC is proposed. In
this approach, the MPC solves a quadratic cost function subject to input constraints. In (Raghavan & Thomas, 2020), a
Laguerre function-based MPC is introduced to alleviate the computational burden associated with the MPC.

Although these control strategies have demonstrated satisfactory performance, the effectiveness of the MPC strongly depends
on the accuracy of the model used for control design. Consequently, its performance may degrade in the presence of external
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disturbances or parametric uncertainties. An alternative to enhance the robustness of MPC is to use a disturbance observer
(DOB), as in (Zhao et al, 2026; Dutta & Das, 2023). These works propose a DOB-based MPC (DOB-MPC), in which the
DOB provides an estimate of the disturbance of the system. The resulting DOB-MPC yields a composite control law in which
a feedback gain stabilizes the system, while a disturbance compensation term enhances robustness.

This work introduces a DOB-MPC for the position control of a TRMS. First, the nonlinear model of the TRMS is written as
an uncertain disturbed system. Then, an extended state observer (ESO) is used to estimate the lumped disturbance of the
system, which includes external disturbances, unmodeled dynamics, and parametric uncertainties. By using the estimated
disturbance, the MPC problem is formulated as a finite-horizon optimal control problem. A quadratic cost is minimized using
dynamic programming, subject to the system dynamics. By incorporating the ESO-estimated disturbance, the MPC provides
a robust control design against uncertainties and external disturbances. Simulation results are presented to demonstrate the
effectiveness of the proposed control scheme.

2 Theoretical Background

2.1 TRMS dynamics

The free-body diagram of the TRMS is shown in Fig. 1. The system has two degrees of freedom, pitch and yaw, denoted by
the generalized coordinates ¢, and ¢, , respectively. The main and tail rotors generate the thrust forces F;(w,) and F,(®,),

which act at the ends of the horizontal beam and generate the torques required to control these angles. Each rotor has an
associated mass, denoted m, for the main rotor and m, for the tail rotor, and both are affected by gravity §. The beam

geometry is characterized by the distances 7 , [, and the center-of-mass location / , which determine the gravitational torque
acting on the pitch axis. Viscous friction at the pitch and yaw joints is modeled by the coefficients » and &, . This

configuration defines the kinematic relationships and external forces used to derive the dynamic model of the TRMS through
the Euler-Lagrange formulation.

Using the Euler-Lagrange formulation, the model is expressed in the standard robotic equation:

M(9)G+C(q.9)q+G(9) = Q, (1

where M(q) is the inertia matrix, C(q,¢) contains the Coriolis and centrifugal terms, G(g) is the potential energy force

vector, Q represents the non-potential forces, and ¢ =[¢g, g¢,]" . The matrices in (1) are given as follows:

MI? cos®(2g,) +]J 0
0 M +]

Mglc cos(q, ):| — |:(1c + lT )E (601) - b1él:|
0 | ler (a’z)_bz% ’

M(q) { } Clg.4) =-Mi; COS(Qz)Sin(Q2)|: B }

-q; 0
G(9) = {
where M is the mass of the TRMS, and [ is the moment of inertia. The following state variables are defined: x, =¢,, x, =g,

, x, =¢, and x, =¢,; and the control input is selected as: u, = F|(®») and u, = F,(®,) . Hence, the TRMS dynamics can be
written as follows:

x=f(x)+Bu+d(@), x(0)=ux,, 2)
where:

I x, 1 7 0 0 ]

Xy 0 0
P = 2MI’x,x, c2os(x2)sin(x2) —bx, B — L +1, o | uc|®]
M cos(x,)+J MI; cos(x,)+] u,

—M1’x; cos(x, )sin(x,) — Mgl_cos(x,) —b,x, 0 Ly

MI? +1] | ML +] |
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Fig. 1. TRMS free-body diagram.

2.2 Integral MPC (IMPC) of the TRMS

The conventional MPC is introduced in this section and is based on (Ebirim et al., 2023; Rahideh & Hasan Shaheed, 2011;
Raghavan & Thomas, 2020). In these works, the MPC is formulated based on an LTI model of the TRMS, and an integral
action is embedded to compensate for steady-state errors, leading to the so-called integral model predictive control (IMPC)
scheme. Observe that the nonlinear disturbed system given by (2) can be rewritten as (Ordaz et al., 2023):

X = Ax+ Bu+ B,w(t,x,u),

w(t,x,u) = x-(Ax+ Bu), (3)
y=0Cx,

where w(¢,x,u)1s a lumped disturbance that captures nonlinearities, coupling effects, and unmodeled dynamics. Matrices A

and B can be obtained from the linearization around an operating point. In this work, the operating point is selected as
x, =(x/2,7/16,0,0). Then, for system (3), the matrices are given as follows:

K 0 1 0 | 0 0 |
0 0 0 1 0 0 00
-b [ +1 00
A=]0 0 2—1 , B= CZ—T , Bd = s
Ml +] M7 +] 1 0
Mgl, -b, L 01
| MIZ+] MI?+]7 | | MI?+]7 |
_ 0 _
0
b 1 +1 2MI’ x,x, cos(x, )sin(x, ) —bx
¢ = x)+ B, (x,)u, + L x,———Tu = c7374 2 2/ 3
R A A VAR R A MI? cos(x,) +] ’
—MI’x] cos(x,)sin(x,) Mgl
< - —(cos(x,)+x
i MI* +] M13+J( (x2) 2)_
[ +1 1 0 0 O
le(xz)zzc—T’ = :
MI? cos(x,)+]J 01 00

For the MPC design, the system in (3) is discretized using the Euler method. Since the lumped disturbance is unknown, it is
not included in the MPC prediction model. Instead, an integrator is embedded in the discrete-time formulation to mitigate its
effect on the system response. The resulting augmented discrete-time model is given by (Wang, 2009):
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= + Au,,
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where Ax, =x, —x,_,, Au, =u, —u,_,, G = I+AT,, H = BT,, T, is the sampling time, Jis the number of outputs, and
0,, denotes a zero matrix of appropriate dimensions. For the augmented system given by (4), the objective of the MPC is to

design the optimal control sequence over a prediction horizon NV , given by:
T
AU:[Auk,AukH,...,Authl] .
Then, the MPC is designed as:

N-1
min [l — v, + A
k=0

s.t.
)
Uy <u,  +Au, <u

x, =Ax, +BAu, k=0,.,N-1

. memy

max 2

Y =C,x

m”my,

X, =X,

™Mo

2
|X||M 0 x"Mx , O > 0and R> 0. The matrix O regulates the deviation from the reference, while R penalizes

In (3),
the applied control effort. u , and u_,  define the minimum and maximum admissible values of the control input. To solve

(5), a quadratic programming method is used, and the final control action is obtained based on the principle of receding-
horizon control as:

N

P
—

w, =u,_, +[10...0]AU",
where the notation ~ denotes the optimal solution of (5).

3 Disturbance Observer-based Model Predictive Control

The integral action of the conventional IMPC provides a degree of robustness against disturbances in the TRMS. In particular,
constant disturbances are rejected from the TRMS response using this approach; however, for time-varying disturbances, the
integral action only mitigates their effect on the system response. This limitation motivates the use of a DOB-MPC. In the
proposed approach, the lumped disturbance of the TRMS is estimated and actively compensated through a composite control
law that combines the disturbance estimate with the predictive capabilities of MPC.

3.1 Disturbance Observer
Consider the following discrete-time model of the TRMS:

X =Gx, +Hu, +B,,d,, (6)
Y =Cx,,

where B,, = B,T, and d, is the lumped disturbance of the TRMS. The state and disturbance in the TRMS are estimated using

an ESO. These estimates are used to initialize the MPC problem. It is assumed that the lumped disturbance is bounded and
slowly time-varying, which is represented in discrete-time by the model d,,, =d, . This ensures that the disturbance does not

k+1

change abruptly between sampling instants. The following DOB is considered (Maeder et al., 2009):
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%, =Gx +Hu, +B,d, +L. (v, ~ ),
dp=d, +L,(y =),
», =Cx,.
Where % and d are the state and disturbance estimates, respectively, and L_and L, are the observer gains. By defining the

state estimation error as ¢ = x, — %, , the disturbance estimation error as €, = d, —d, , and the extended observation error as

e =le, e, 1> the DOB error dynamics are given by:

e,mzﬂg B‘;"}Ej[c O]]ek.

And the stability of the estimation error depends on the appropriate selection of the observer gains Z_ and L, .

3.2 DOB-MPC

An MPC in which disturbance estimation is incorporated into the optimization problem is proposed. Based on (6), the current
state x, , and the current disturbance estimate , , the objective of the DOB-MPC is to design the optimal control sequence

over a prediction horizon NV , given by:

T
Uz[u,‘,ukﬂ,...,ukwfl] .

Then, the following optimization problem for the position control of the TRMS is formulated:

N-1
. 2 2 2
min ”}’ L "P + Z”I’ Vi "Q + "u/» "R
k=0

(7
S.t.
X, =Gx, +Hu, +B,d, k=0,.,N-1
dk+1 =dk
Ve =Cxy
X, =X,
d,=d,.

Where QO > 0, R>0,and P satisfy the discrete-time Riccati equation. Although the optimization is initialized with x,
and 4, , this does not correspond to solving a fixed-window problem. The controller still follows the receding-horizon

principle: at each sampling instant, the optimization is solved using the updated measurements, and only the first input of the
optimal sequence is applied.

The optimization problem introduced in (7) is solved using dynamic programming. Based on the cost function, the terminal
cost J, (x,) and stage cost L, (x,,u,) are defined as follows:

JN(XN)Z(”_YN)TP(”_)’N)’
Lk(xk’“k)Z(V_J’k)TQ(”_Yk)'*'”ZR“k'

The optimal cost-to-go J, (x,) is defined as the minimum cost from stage k to the terminal stage /N , starting from the state
x, , and is given by:

Jo(x) = n:in(Lk(xk’uk) +Jin (xk+l))'

According to the principle of optimality, the cost-to-go at stage N — | is:
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Ty Gy = min (L (Rt ) + 7 (3))
s.t.

xy =Gxy_ +Huy  + deaAlel

Yya =Cxy

P, =P.

It is noted that the cost-to-go J, ,(x,,_,) is a positive definite quadratic function; hence, the optimal control ), , is obtained

when aJ, (x,_)/0u, =0 as:

s

w,, =(R+H C BCH) [H C Pr—H C (P,CGxy ,+P,CB,d,, )]

By substituting the optimal control law ., , back into the cost-to-go function, the minimum cost at stage N-1 can
be expressed in the standard quadratic form as:
T 1Oy ) =Xy 1Sy Xy + 280 Xy +Crys
where
Sy, =G C' P,CG+C QC-G C P,CH(R+H C PNCH)’1 H' C P,CG,
Sy, =-1 B,CG-r QC+d,, B,,C" P,CG~d,, B,,C" P,CH(R+H C’ PNCH)’1 H' C P,CG
+r P,CH(R+H" C P,CH) H' C" P,CG,
Cy =r Por+r Qr=2r P]\,Cdecszl
-1

~(C"PCByd,  ~C Pyr) H(R+H C BCH) H (C PCBud,,~C Pyr).

The derivation presented for stage N =1 can be generalized to any stage & of the prediction horizon. To this end, the optimal
cost-to-go at stage k +1 is written as:

X . .
S (1) = X5 0S50 X i + 280X + 6

Using Bellman’s principle of optimality:
Ji (o) = min(L, (v, + 77, (5.0)) @®)
with x, | = Gx, + Hu, + B,,d, and y, = Cx, , the optimal control input at stage k is obtained as:
- 5 9
uk—Krkr—kaxk—dedk, ©)

with

K, =(R+H CS,CH) H C5,,CG,
K, =(R+H C S,CH) H CS,,,.
K, =(R+H C'S,CH) H CS,,CB,.

By substituting z; back into (8), the optimal cost-to-go at stage £ is:
J(x)=x; S, x, +25; X, +Cp,

where the matrices S, , s, ,and ¢, satisfy the backward recursions
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Algorithm 1. Offline computation of the backward recursions for

DOB-MPC
Input: Prediction horizon N , matrices G, H , C, B,,, weights
o,
R.P
Output: Gains K, K K, fork =0,...,N -1
Initialization:
Sy < C'PC
sy < —C" Pr
cy <7 Pr
for k =N - 1to 0 do
Compute the control gains from (9):
K, «<(R+H CS,,CH) H C'S,,CG
K, «<(R+H CS,CH) HCS,,
K, «<(R+H CS,,CH) H C5,,CB,
S, <« expression in (10)
s, < expression in (11)
¢, < expression in (12)
Return: K. K K, for online implementation.
S, =G C'S,,CG+C 0C-G C' S, ,CH(R+H C' S, ,CH)"'H C’S,,CG, (10)
s; == S,,CG—r OC+d; B,,C’ S,,,CG~d; B,,C’ S, ,CH(R+H C"S,,,CH)" (11)
xH CS,,CG+r S, ,CH(R+H C'S,,,CH)" xH" C"S,.,CG,
¢, =r S, r+r Qr—=2r" S, CB,d, (C" S, ,CB,d, ~C S, ,r) (12)

XH(R+H' C SHICH)_IH' (C' Sk+1Cde‘§k -C Sk+1r)'

For any stage &, the set of backward recursions is similar to the discrete-time Riccati equation. Moreover, since the matrices
(G.H,C,B,,) and the weighting matrices (Q, P,R) are time-invariant, the solution of the backward recursions given by (10)-

(12), can be solved offline. This procedure is detailed in Algorithm 1.

4 Simulation Results

The performance of the proposed DOB-MPC is evaluated through numerical simulations in MATLAB. The control objective
is to track the desired pitch and yaw angles of the TRMS. The parameters of the TRMS are listed in Table 1. To evaluate the
advantages of the proposed approach, a comparative study is conducted between the conventional IMPC described in Section
2.2 and the proposed DOB-MPC. Both controllers are implemented under identical conditions, including actuator constraints
(DOB-MPC includes actuator saturation in the control action), sampling time, prediction horizon, penalty matrices, and
reference trajectories. These parameters are also listed in Table 1.
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Table 1. Parameters of the TRMS used in simulation.

Parameter Symbol Value

Mass M 0.3 kg
Center-of-mass distance [, 0.25m

Tail rotor distance I, —0.29 m
Moment of inertia J 0.0072 kg * m?
Gravity g 9.81 m/s?
Pitch viscous friction b 0.0984

Yaw viscous friction b, 0.0983
Sampling time T, 0.001 s
Prediction horizon N 100

Output weighting o diag(10%, 10°%)
Terminal weighting P diag(107, 107)
Input weighting R diag(50, 10)
Input constraints Uy > Ui [—15, 15]

The performance of the controllers is evaluated under two reference-tracking scenarios. For the first test, the pitch angle
reference is set to 0 rad at Os, then at 2s it is changed to 7 /6, and at 6s it is changed to —7 /6 . The setpoint for the yaw

angle is 0 rad at Os, then at 3s it is changed to 7 /6, and at 7s it is changed to —7 /6 . In the second scenario, a time-varying
circular reference is used to simultaneously excite both axes. The pitch reference is defined as 0.3 cos(0.4¢) , and the yaw

reference as 0.3 sin(0.47) .

Pitch Tracking (x1)

—
— - - Ref
=) o ——DOB-MPC
E ope——t— N —wec )
- SN
2 ! ! 1 !
0 1 2 3 4 5 6 7 8 9 10
Control Input u,
20 T T T T
- n n M ——DOB-MPC
£ [ [ \ | 1\ | ——IMPC
£ 07 | | 17
- |
= \ U U U
20 | | 1 | |
0 1 2 3 4 5 6 7 8 9 10
Yaw Tracking (x,)
2 T 2
— - - Ref
=) A —— DOB-MPC
£ / ﬂ ——IMPC
o~
k3
2 L L L L L
0 1 2 3 4 5 6 7 8 9 10
Control Input u,
20 T T T
. ~——— DOB-MPC
E ‘ I ! ——IMPC
£ 0 " b
| IL f |
_20 1 L 1 L
0 1 2 3 4 5 6 7 8 9 10

Time [s]

Fig. 2. Tracking performance of IMPC and DOB-MPC under constant reference signals. From top to bottom: Pitch angle
tracking (x,), Pitch control input (u,), Yaw angle tracking (x,), Yaw control input (u,).
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Disturbance d1: Real vs Estimated

Real
= = = DOB-MPC

Disturbance dz: Real vs Estimated

3 4 5 6 7 8 9 10
Time [s]

Fig. 3. Real and estimated lumped disturbances under constant reference tracking. From top to bottom: Pitch disturbance

The simulation results of the first scenario are shown in Fig. 2 and Fig. 3. Fig. 2 shows the reference tracking of the desired
pitch and yaw angles. The proposed DOB-MPC achieves improved tracking performance, whereas the conventional IMPC
struggles to follow the reference when the operating point deviates significantly from the linearization point of the system.

(d;), Yaw disturbance (d,).

The estimated disturbances are shown in Fig. 3, where the ESO successfully reconstructs the lumped disturbance.

Pitch Tracking (x1)

2 T T T T
. - - - Ref
° ——DOB-MPC
= 0 ——IMPC ]
-
) 1 1 | 1
0 10 15 20 25 30 35 40
Control Input u 1
20 , : : : ! :
. ——DOB-MPC
£ ——IMPC
£ 0 d'
-
-20 1 1 1
0 10 15 20 25 30 35 40
Yaw Tracking (xz)
2 T T T T T
s - - - Ref
K ——DOB-MPC
= 0 ——IMPC
o~
x
.2 I 1 ! | L |
0 10 15 20 25 30 35 40
Control Input u,
20 I
= ——DOB-MPC
£ ——IMPC
£ 0 ]
:N
.20 L | L J
0 10 15 20 25 30 35 40
Time [s]

Fig. 4. Tracking performance of IMPC and DOB-MPC under a time-varying circular reference trajectory. From top to
bottom: Pitch angle tracking (x;), Pitch control input (1), Yaw angle tracking (x,), Yaw control input (u,).
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Disturbance d,: Real vs Estimated
2 T T

Real
— - - DOB-MPC
1 2
0
o
-1
-2
3 | 1 |
0 5 10 15 20 25 30 35 40
Disturbance dz: Real vs Estimated
Or T T
: Real
| — - - DOB-MPC
i
-10}
i
o' -20 -
-30
40 | 1 |
0 5 10 15 20 25 30 35 40

Time [s]

Fig. 5. Real versus estimated lumped disturbances under time-varying circular reference tracking. From top to bottom: Pitch
disturbance (d,), Yaw disturbance (d,).

The results of the second scenario are shown in Fig. 4 and Fig. 5. Fig. 4 shows the reference tracking of the desired pitch and
yaw angles. The proposed DOB-MPC successfully follows the time-varying circular reference. On the other hand, the
conventional IMPC struggles to follow the reference, resulting in a significant tracking error. The estimated disturbances are
shown in Fig. 5, where the DOB accurately reconstructs the lumped disturbances.

The simulation results, shown in Fig. 2 and Fig. 4, demonstrate that the performance of the conventional IMPC exhibits a
noticeable degradation when the TRMS operates far from the linearization point. In contrast, incorporating the disturbance
estimate into the control problem enhances robustness and improves the tracking performance of the proposed DOB-MPC.

5 Conclusions

This article presents the integration of a DOB-MPC scheme for the TRMS. The proposed control scheme improves the
tracking performance and robustness of the TRMS compared to a conventional IMPC. The model used in MPC incorporates
the disturbances estimates, data obtained successfully through the ESO, leading to improved control. The simulation results
demonstrate that the proposed approach is effective for nonlinear systems subject to uncertainties, unmodeled dynamics and
external disturbances.
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