International Journal of Combinatorial Optimization Problems ar
Informatics, ¥(2), 2@6, 256-274. ISSN: 20071558.
https://doi.org/10.61467/2007.1558.2026.v17i2.1271

www.editada.org

Pretrained Generative Transformer (PGT) for the estimation of the response variable
using causal relationships with fast convergence

Roberto Baeza Serrato

! Department of Multidisciplinary Studies, Engineering Division, Campus Iragsatamanca, University of
Guanajuato, Yuriria 38944, Guanajuato, Mexico

r.baeza@ugto.mx

Abstract. Transformer architecture has been successfully adg Article Info

for use in vision systems and, more recently, for estimg Received Dec 12, 2024
remaining useful life across various industrial fields. The trairl Accepted Dec 12, 2025
patterns of an artificial neural network have no relationship am
the input variables. They are used to estimate response var
using a training algorithm, such as backpropagation or its vari
In the present research, an accurate estimation transfg
structure is proposed to develop causal relationships between
variables and their respective training patterns and identify
importance and relevance of causal irputput relationships. Th
complete encodedecoder structure is used. Input training patte
are entered into the encoder and decoder. In this way, the
data is processed by three sgliention blocks: one in the encod
and two in the decoder, allowing the model to capt
dependencies between them and strengthening the base of tr
patterns. The system's output represents the required estimate
Keywords: PGT; estimation; encoder, decoder, multilayer ney
network,selfattention dependencies.

1 Introduction

Estimating response variables in any productive sector is based on the analysis of causaltpoputelationships, using
mathematical, statistical, or machilearning methods such as artificial neural networks. Recent macroeconomic research,
which examines inpubutput analysis for the effects of green transition interventions, confirms that these interventions generate
benefits for growth and employment on a large s¢ilarinos et al., 2025)Predicting response variables with parametric
models can be limited when complex nonlinear relationships are present. By contrast, the ugeodmeitric models to make
estimates, such as artificial neural networks, introduces complications when data ové@hatcht al., 2028A review of the

state of the art revealed a significant trend towards the application of artificial intelligence (Al), with artificial metwalk
approaches being the most popular among various Al methods-&mriomic, demographic and climatic variables generally

have norlinear behaviour and are used to estimate energy demand based on machine learningRatodal®t al., 2022)To

effectively overcome the limitations of traditional methods of statistical analysis, deep ldlaased) artificial intelligence (Al)

models are used for prediction of prey deformatifideanget al., 2025) Many researchersse artificial neural networks

(ANNSs) to estimate complex systems with nonlinear behaviorgltfficult to represent by mathematical or statistical models.

The use of attention mechanisms has produced a significant change in the structure of neural networks, known as the
transformer, in which input variables are related and provide information relevant to linguistic translation probleme and tim
series estimation systemRendeet al., (2025)mentioned that the dgtroduct attention mechanism cleverly captures the
semantic relationships between pairs of words in sentences by calculating the overlap between queries and keys, and wze
initially designed for natural language processing tasks, and is a cornerstone of modern Transformers.

The PGT proposal for the estimation of response variables is conceptualized in describiatiesgibn as a mechanism of
attention that allows for relating different positions of a multiple sequence, as it is an(axray of input variables andialues

of each of them to calculate a strengthened dependency representation of the multiple sequence, which allows for a bette
estimate.The selfattentionmechanism assigns each input item a weight based on its importance in producing output. The
transformer architecture integrates a -s#léntion mechanism to model dependencies between input sequEheesausal
relationship described in this research is based on the dependence obtained between the input variables whethotising the
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product operation,dr the completetraining base in the encoder, decoder and the union ofdidtie proposed transformer
structure The Transformer model based on s#lientionmechanics is a deep learning architeci@koudharyet al., 2024)

The transformer architecture has been used very successfully in translating text into various languages. The architecture ¢
transformers has been widely applied in the field of machine translation systems, question answering, and natural languag
processing for taské&Zhanget al., 2024) Additionally, transformer architectures have been successfully adapted for use in
vision systemsRecent computer vision research has had successful results using tranbisetemerforming methods
(Dosovitskiy, 2020) The ability of transformers to handle nonlinear relationships and parallel calculations makes them suitable
for complex causal relationship data modeling. Recent maintenance techniques, such as transformers, have shown promise
estimating the useful life of maintenance progranZfiou et al., (2025)have analyzed time series using transformer model
architecture, due to its success in parallel computing andtéony dependency modellingResearchers use the structure of
transformers to estimate time series as sequential data and capture correlations within the sequence and cet@piex long
patterns. These investigations have validated the potential of the transformer to predict long sequencéZhouietel.,

2025)

Recent research has been using transformer structures for remaining useful life (RUL) estimation as a crucial technology ir
health forecasting and management, suckagt al., (2021proposed RUL estimation, based on the structure of a transformer
due to its great success in sequence learning, to capture amdriongterm dependencies in a time sequence. In addition, it
integrates a closed convolutional unit that incorporates local contexts at every time step. The Transformer migket high
output features insensitive to local contex@henet al., (2022)designed a neural network based on the Transformer. They
integrated an automatic noise elimination encoder. Then, a reconstructed sequence was fed into a network of transformers t
capture temporal information and learn functional characteristics. With the increase of mass data for moN&ogres,al.,

(2021) propose a modification to the structure of a transformer that consists of two main parts: the encoder, which uses the
attention mechanism to extract dependencies across distances in time series, and the temporal convolution neural network
correct the insensitivity of the sedttention mechanism to local characteristics.

Zhanget al., (2022)propose a dual se#fttentionmechanism within the transformer architecture, consisting of an encoder
decoder structure. The proposed structure consists of two encoders that operate in parallel to extract characteristics fror
different sensors and time steps simultaneously-&tdfitioncoders are more effective at processing long data streams and can
learn adaptively to focus on more important parts of the ififing et al., (2021)propose a novel convolutional transformer that
combines local dependency modeling of the convolutional operation with global context capture of the attention mechanism. An
entratable class token was added to improve the extraction of degrawddiea features, and a medgale convolutional

module was added to the Transformer architecture, with a new Swish activation fubictieh.al., (2022)propose a double
attention transformer structure for aircraft engine RUL forecasting. A convolutional CNN neural network with channet attentio
was used to assign greater weight to more significant featwegtionally, Guoet al., (2024proposed a precision remaining

life prediction model based on encodfEcoder architecture with a multead care mechanism for further feature exploration.

The model uses a ofBmensional convolutional neural network (CNN) to compress input characteristics along the time
dimension.n the same wayVanget al., (2021usel a variational autoencoder to fuse RNA expression and DNA methylation
data across 32 tumor types, then uses the Hilbert curve to visualize the results, proposing a deejpdsachipigdiction

model for tumor types.

In summary, transformer architecture has achieved success in language translation, vision systems, and time series estimatic
however, there is a lack of research using the transformer as a mechanism foinpatisalkput relationshipgstimation. The
present research proposes a structure for estimating the response variable based on causal relationships with input variable
achieving 100% reliability. Also, the presented structure identifies the relative importance of the input variables and the
importance of the values in each variable, thereby making a scientific contribution to the field of artificial intell@set @
transformer architectureshe major contributions of this paper are:
1 Present a transformer structure as a prediction najarlusal inpubutput relationships
1 Strengthening the input variables and training patterns by determining a triple dependency between them when using
the proposed transformer structure.
1 The proposedncoderdecoder structure identifies the importance of input variables and the importance of training
pattern ordeas a main contributioto the development of neural network structures called transfarmers
1 Rapid convergence in only two epochs using the learning algorithm Levekiaequardt

The rest of this paper is organized as follows. Section 2 descnigeesials andnethod. Section 3 presents simulation results
of PGT for accurate estimatiorand Sectior discusses and concludes the proposed method.
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2 Material and Methods
2.1.Materials

The encodedecoder architecture is used by most competitive neural sequence transductionBaddkdeatet al., 2014Cho

et al., 2024 Sutskeveret al., 2024)In the proposed architectyrhe encoder and decoder map a multiple sequence of causal
input variables, represented in order matrix form (nxm). Given the matrix (nxm), the decoder generates a matrix with triple
dependencies of order (nxm) to feed a neural network and estimate the response variable, specified in an order miatrix (nx1).
the final part of the structure, two linear transformations are presented to identify input vangldesnceand generate an
accurate estimate.

The inputoutput ratio in a neural network establishes training patterns for the estimation of the variable of interest. The
proposed transformer architecture uses imquuiput training patterns. The input feeds the encoder and decoder, which aims to
enter three attention blocks to identify significant relationships in the input variables. Input variables are transtormed in
filtered variables, which feed the neural network to perform training and obtain reliable results of the required estimmate. T
linear transformations are then applied to identify the importance of the input variables, as well as the importaneduetthe v

for each of them. Simulations are performed by varying the number of entries in a rang&08f, a@d training patterns also

vary in a range of 5200. Results show 100% reliable estimates, and the importance of variables and their data are determined
in a sequence to identify which variable, and which patterns are most significant for accurate and reliable estimation result

2.2. Methods

The proposed transformer structure is shown in Figure 1. It consists of an encoder and a decoqamrt Vérabledeed each

one of them, which are related in three blocks of attention. The structure has three exits. The first step is the ebtingation
target values, which subsequently yields two sequences: the first provides the sequence of importance of the inpudnériables,
the second provides the sequence of importance of the training patterns. In this way, the analysis is strengthengdhe identif
most relevant variables and data from the training base, which is one of the scientific contributions of the propoded researc
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Fig. 1. EstimationSequencésTP proposed.
2.2.1Classification Embedding Vector
The embedding vector is based on the input matrix (hxm), where n is the number of data points per variable and m is the numbe

of input variables. The positional encoding in each variable utilizes-eosiencoding strategy to determine the sequence of
their importance, which is then output from the proposed transformer structure (Vaswwani et al., 208d)(15Be

PE‘(‘DGS.ZE‘:I = Sin(

258

pos
21
100009 modet

(1)



Baeza Serratbinternational Journal of Combinatorial Optimization Problems and Informaii(®) 2026, 256-274.

_ pos
PE posazir1y = COS| ————=1— (2)

lﬂﬂﬂﬂdmodsl
2.2 2 Transformer block

The transformer block consists of an encoder and a decbderTransformer block module includegot core components:
self-attentionmechanismsand feedorward neural networks (FFN). The saltention and FFN submodules of the Transformer
blocks were constructed according to the standard Transformer architecture [10].-Bter&tin, learnable weighted matrices

were used to project the BFN into three representation matrices (Query, Key, and Value), and we obtained the weights for eac
ROI using Query and Key. The updated embedding, including the ROIs' values and weights, is obtained asEdd®&h in
(Vaswwani.et al., 2017).

. QKT
SingleHead (Q,K,V) = Softmax T (3)
Vg

where Q, K, V denote Query, Kegind Value, dk represerttse dimension of connectivity vectors, and softmay flenotes the
softmax functionAnd then, asinglehead seHattention mechanism waslopted Theinputvectorwas fed intceencoderdecoder

for further enhancingin-linear expessivity. The representation vector from the output decoder is forwarded to the multilayer
perceptron (MLP) to generate an estimate of the response variable

2.23MLP

MLP: The obtained representatidiftered input vectoiis forwarded into MLP forestimation two linear transformations are
addedwith softmax as théinal layer for generating prediction probabilitiesd sequences of importance for the input variables
and importance in the data order of each varid¥le? is a multilayered feedforward neural network. The main features of this
network are forward signal propagation and backward error propagdti@nneurons in the layers are linked by synaptic
weights. These weights can be determined with the use of the learning jRmes=set al., 2Q@2).

The neuron processes input data and assigns it to the outputeditomperforms two operations: a weighted sum of inputs and

weights plus the neuron threshold and then uses an activation function to map th@fothtpdtidderﬁ and ouput @« layer.
SeeEq. (4). In the formula, x represents the value of the input sample processed by theandidjineshold. Thdunction f(n )
represents the mapping of input values to output vdliesng et al., 2021)

Fo) = @

1+e*

Output calculatiorof the hidden layer: the neural network computes the output layer based on the connection weights and
thresholds of the input and hidden layers. In equation (4), x is the value of the input. dartipeequation (5% and% are

the connection weight and threshold of the input and output respectivel}ff anthe outpubf the hidden layer. Where, j is the
number of neurons in the hidden layer, and f is the excitation function of the hidderSksteg. (5).

v=f (Z Wi+ aj) (5)

Output calculation of the output layer: according to the output of the hidden layer, conngetghg"ix and the threshol8x
to calculate the preutput of the BP neural netwof. SeeEq. (6).

0, = f(z Gwy + bk) (6)

Calculate the error between the predicted value and the actual value: Calculate the network predictibly emmparing the
neural network forecast outpdt with the actual expected output valueSeEq. (7).
€, = Z— Ok (7)
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Weightandthreshold update: If the error is less than the set error value, the iteration will end. Otherwise, the neural network's
weights and thresholds are updated, and a new iteration is perfadpaating of weightsnd thresholds witkg. (8-11).

Wi = Wi + 1€, 0 (1 — 0p)Y] (8)

Wiy = Wiy 08 (L= (D) Y Wieew0 (1 0;) (9)
k=1
b, = by +1e,0,(1— 0;) (10)

m
4 =wy; +15(1— %) ) wie0(1-0,) (1)
k=1

The LevenbergMarquardt algorithm provides a solution based on minimizing nonlineardgqaates. Seq. (12).
m

=50 7@ (12)

j=1
The derivatives of {x) can be written using the Jacobian matrisdeEq. (13-14).
m

VF() = D 1(0)AG00) = J)Tr(x) (13)

j=1

VI =]+ ) pOvEa) (14

j=1
The Hessian matrix can be simplifiedEq. 15.
V2f(x) =1()TT(x) (15)
The most straightforward and intuitive technique for finding minimum of a function is vanilla gradient dSsséig. (16).
Xipgg = X3 — ':;va (16)

The behaviour and information of the gradient can be improved by using curvature when using second derivatives. The updat
rul e for Newt onds met h oaderitsms larad ©re ditermining the mininous ibynsgtting thegalfte r
side term to 0. Seeq. (17).

-1
Xit1 = X — (sz[:l!)} Vf(xi') (17)
I n Newtonds method, the convergence rate depends onant he |
upgrade rule that combines descendS$eeEq.(18).r adi ent al gor it hms
X;og =X, — (H+ A1 (18)

LevenbergMarquardt replaced the identity matrix in (18) with the diagonal of the Hessian matri€gSée).
Xip1 = X — (H + '&dlag[H])_lvf(l;) (19)

3 Results

The training patterns for Simulation 1 are shown in Figure 2. The input data to the transformer is provided as a nzatrix of si
(45x30) in a range of$,5]. There are 30 variables and 45 training patterns.
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Figure 2. Training patterns.

The results in Figur8 show the estimation using a multilayer neural network using training patterns without any relationship
between themTen neurons in the hidden layer were usktk LevenbergMarquardtalgorithm was used for network training
for two epochs.
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Figure 3. Estimation using multilayer neural network

Figure 4 shows the input data processed in the encicsrblock, which feeds into the decodsecondblock. The matrix
represents thérst dependency between the input variables of the proposed estimation transformer sifhetwetproduct
between the training base of the input variables is used fdirdhéime in the encoderfinding the causal relationships between
them, strengthening the training base to have a faster convergence in the accurate estimation of the response variable.
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Figure 4. Encoder attention mechanism

Figure5 shows the input data processed in the decfidemblock, which is then fed into thdecoder second blockhe matrix
represents theeconddependency between the input variables of the proposed estimation transformer strbetdagproduct

between the training base of the input variable used for thesecondtime in the decodewith a masking sel&ttention
mechanismfinding the causal relationships between them, strengthening the training base to have a faster convergence in the
accurate estimation of the response variable.
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Figure 5. Decoderfirst block attention mechanism

Figure6 shows the input data processed in the decseleond blockwhich is then fed into the feddrward network to produce
estimates of the response variablbe matrix represents thbird dependency between the input variables of the proposed
estimation transformer structuréhe dot-product is used for thinird time between the previously related training bases of the
input variables in the encoder and decoderthe decoder second blgcknding the causal relationships between them,
strengthening the training base to have a faster convergence in the accurate estimation of the response variable.
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Figure 6. Decodersecond bloclattention mechanism

Figure7 shows the comparison of the transformer estimate and the targéthsdb values The results show 100% reliability
in the accurate transformer structure estimates proposed in this reseamcheurons in the hidden layer were usEde
LevenbergMarquardt algorithm was used to optimize the proposed transformer structure for two epochs.
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Figure 7. EncodefrDecoder estimation.

By using thePGT proposed structure of the estimation transformer, we are strengthening the training base of the input variables,
finding a triple dependence between them, by usingdttg@roduct operation on three occasions: first in the encoder block,
second in the first decoder block and third in the second decoder blaging strengthened the training base, at the end of the
proposed transformer structure a multilayer neural network is used for estimation. This action is the reason for cosuitaring re
with a multilayered neural network, using the same Leveridgigquardt training algorithm and the same numbepoths
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The structure proposed at the end uses a faykir neural network to perform the estimation. The difference lies in the use of a
triply related training base between input variables, using three blocks of attention and applying three times the yatint prod
operation, allowing rapid convergence of the algorithm with 100% reliability in accUfapye8 shows asymmetricmatrix of

the order 80x30) of the relative importance of input variables for accurate estimates of the response variable in ascending order.
The most important variable is input variallle with a probability of 85266 and the second most important variable is
variable18, with a probability of QL734 This approach is one of the main contributions of research, as there is a lack of tools to
assess the importance of input variables, and no analysis exists of their importance in neural networks or transformers.
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Figure 8. Sequence of importance input variables.

Figure9 shows a symmetric matrix of the order (45x45) of the relative importance of training patterns for accurate estimates of
the response variabie ascending ordeiThe most importanis the taining pattern numbed0, with a probability of 01395 and

the second most importaig the training pattern number 1Wjth a probability of 0083431 There is a shortage of tools to
assess the importance of training patterns, and the analysis of the order of their importance in a neural networknuertransfor
does not exist.
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Figure 9. Sequence of importance training data.

In the validation stage of the estimation TMP, the range of values for the input variables training matrix was extended to a
random order of (100, 20®)r rows and columneith reliable, accurate and rapidly converging results.

The training patterns for Simulatidhare shown in Figur&0. The input data to the transformer is provided as a matrix of size
(108x158) in a range of-6,6]. There arel58variables and 08training patterns.
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Figure 10. Training patterns
The results in Figurél show the estimation using a multilayer neural network using training patterns without any relationship

between themTen neurons in the hidden layer were uskte LevenbergMarquardtalgorithm was used for network training
for two epochs.
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Figure 11. Estimation using multilayer neural network.

Figure12 shows the input data processed in the encfixdéblock which feeds into the decodsecondblock. The dotproduct
between the training base of the input variables is used féirégh¢éime in the encoder

Figure 12. Encoder attention mechanism.
Figure 13 shows the input data processed in the decfidgrmlock, which is then fed into thdecoder second blockhe dot

product between theaining base of the input variables is used forgbeondtime in the first decoder blookith a masking
attention mechanism
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Figure 13. Decoder first block attention mechanism.

Figure 14 shows the input data processed in the decsdeond blockwhich is then fed into the feddrward network to
produce estimates of the response varidiite. dotproduct between the training base of the input variables is used fibirthe

time in the second deced block obtaining a robust matrix of input variables by having a triple dependency between them,
which allows for reliable, accurate and fast convergence estimation
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Figure 14. Decodersecond bloclattention mechanism

Figure 15 shows the comparison of the transformer estimate and the targeitlset08 values The results show 100%
reliability in the accurate transformer structure estimates proposed in this re§earcteurons in the hidden layer were used
The Levenbergviarquardt algorithm was used to optimize the proposed transformer structure for two epochs.
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Figure 15. EncoderDecoder estimation.

Figure B shows a symmetric matrix of the ordd58<158) of the relative importance of input variables for accurate estimates
of the response variable in ascending order. The most important variable is input isttahidéth a probability 0f0.49848

and the second most important variable is varigtde with a probability 0f0.36685 This approach is one of the main
contributions of research, as there is a lack of tools to assess the importance of input variables, and no analydise@xists of
importance in neural networks or transformers.

Count of sequence2 vs. criteria2

sequence2

criteria2

Figure 16. Sequence of importance input variables.
Figure I7 shows a symmetric matrix of the ord@0gx108) of the relative importance of training patterns for accurate estimates

of the response variabie ascending ordefhe most importans the taining pattern numbek2, with a probability 0f0.66149
andthe second most importaistthe training pattern numb6e, with a probability 0f0.073598
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Figure 17. Sequence of importance training data.

The training patterns for Simulatidare shown in Figur&8. The input data to the transformer is provided as a matrix of size
(164x140) in a range of-6,6]. There ard40variables and 64training patterns.

Figure 18. Training patterns.

The results in Figur&9 show the estimation using a multilayer neural network using training patterns without any relationship
between themTen neurons in the hidden layer were uskte LevenbergMarquardtalgorithm was used for network training
for two epochs.
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Figure 19. Estimation using multilayer neural network

Figure20 shows the input data processed in the encixdéblock which feeds into the decodsecondblock. The dotproduct
between the training base of the input variables is used féirégh¢éime in the encoder

Figure 20. Encoder attention mechanism

Figure 21 shows the input data processed in the dectidgrblock which is then fed into thdecoder second blockhe dot
product between thgaining base of the input variables is used forgbeondtime in the first decoder blockith a masking
attention mechanism
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Figure 21. Decoderfirst block attention mechanism

Figure 22 shows the input data processed in the decsdeond blockwhich is then fed into the feddrward network to
produce estimates of the response varidiiie. dotproduct between the training base of the input variables is used fhirthe

time in the second deced block obtaining a robust matrix of input variables by having a triple dependency between them,
which allows for reliable, accurate and fast convergence estimation
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Figure 22. Decodersecond bloclattention mechanism
Figure 23 shows the comparison of the transformer estimate and the targeitlset64 values The results show 100%

reliability in the accurate transformer structure estimates proposed in this reJearcteurons in the hidden layer were used
The Levenbergviarquardt algorithm was used to optimize the proposed transformer structure for two epochs.
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Figure 23. EncodetDecoder estimation.

Figure 24 shows asymmetricmatrix of the order{4x140) of the relative importance of input variables for accurate estimates

of the response variable in ascending order. The most important variable is input véZjakith a probability ofl, and the

second most important variable is variabe with a probability 065.9542€. This approach is one of the main contributions of
research, as there is a lack of tools to assess the importance of input variables, and no analysis exists of their iimportance
neural networks or transformers.

Count of sequence2 vs. criteria2
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Figure 24. Sequence of importance input variables.
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Figure B shows a symmetric matrix of the ord&64x164) of the relative importance of training patterns for accurate estimates
of the response variabie ascending ordefThe most importants the taining pattern numbet29 with a probability of
0.24021, andthe second most importaistthe training pattern numb8t, with a probability 010.23495

Figure 25. Sequence of importance training data.
4 Conclusions

In the present research, a structure of aty@i@ed generative transformer is proposed to make accurate estimates based on
inputoutput causal relationships. Estimates are made using input variables and training patterns in matrices, with a variable
range 0f{100,200 for rows and columnand coded input values in a range-@ ¢]. The matrix feeds the encoder and decoder,

using three blocks of attention mechanisms, to leverage a neural network and estimate the response variable. The trainin
patterns are processed in 3 blocks of attention, with related input variables, allowing for a more precise estimation of the
response variabl@y using thePGT proposed structure of the estimation transformer, we are strengthening the training base of
the input variables, finding a triple dependence between them, by usidgtipduct operation on three occasions: first in the
encoder block, second in the first decoder block and third in the second decoder block.

Having strengthened the training base, at the end of the proposed transformer structure a multilayer neural netwask is used f
estimation. This action is the reason for comparing results with a-lewydtied neural network, using the same Levenberg
Marquardt training algorithm and the same numberpafchs The structure proposed at the end uses a -haykr neural
network to perform the estimation. The difference lies in the use of a triply related training base between input vairaples,
three blocks of attention and applying three times the point product operation, alfasiicgnvergencén only two epochs

with 100% reliability in accuracy

In addition, two linear combinations are used to obtain the sequence of importance of the input variables, highlightarg which

the most important for making accurate estimates, as well as the importance of the training patterns used. The results sho
100% reliability in the simulated estimates, validating the proposal as a robust and reliable alternative for perfarsaing

type estimates across any production secitre proposed approach for case studies with input variable matrices higher than
(200x200) PGT for estimation of response variahkeds more than two epochs for convergence.

Future work will use the theory of vision systems to segment the matrices of input variables and training patterns, extract
characteristics to feed the pretrained generative transformer, and estimate the variable response.
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